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Preface 


This text is the product of course notes I have used to teach an introductory course in complex 
analysis for many of the past 11 years at the University of Guelph. In developing these notes I 
have of course benefited from many of the texts that are available on this subject. In particular, 
I mention the classic text by Churchill and Brown [1990] and the texts by Spiegel et al. [2009] 
and Saff and Snider [2003]. 

As with any instructor, I have my own preferences in how to order and present material. 
How these preferences rate compared to anyone else’s is left to the judgment of the reader. One of 
these ordering preferences is the introduction of the exponential function within the first dozen 
pages of the text. It is my feeling that the utility of the exponential function for both notational 
convenience and understanding of the geometry of complex multiplication is simply too great 
to delay its introduction. Although there are other texts that introduce the exponential relatively 
early, most that do so provide the reader with little justification, often simply letting Euler’s 
formula be the definition of the exponential of an imaginary number. I have taken a different 
approach. I assume that students will have seen a real Taylor series and in particular the Taylor 
series for e*. It is then completely reasonable from their point of view to simply replace the real 
quantity x with the complex variable z. After stating a theorem (proved in Chapter 6) that a 
complex series converges if and only if its real and imaginary parts converge, I rigorously show 
that the series for e? converges using familiar convergence tests for real series. Euler’s formula 
then emerges as a consequence of this series definition. Although this approach requires dealing 
with a series before they are discussed generally, it is, in my opinion, a small price to pay for the 
benefits returned. 

Another feature of the text is an emphasis on the geometric properties of complex numbers 
and the visualization of functions of a complex variable. To achieve this two types of plots are 
used: mapping plots, showing regions in the complex plane and their images under given maps, 
and phase plots, showing the argument of the image of each point, and contours of the modulus. 
As the anticipated primary mode of use of this text is in an electronic format, I have made liberal 
use of color in these figures. 

What background is the student expected to have? A thorough grounding in single- 
variable differential and integral calculus is assumed, including an understanding of Taylor series. 
Familiarity with multi-variable differential calculus, primarily for the understanding of partial 
derivatives is expected. The student would also benefit from being exposed to multi-variable 
integral calculus, in particular real line integrals and Green’s Theorem, although this is not nec- 
essary. The ideas of limits and continuity are expected to be understood, and it is assumed the 
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student has had exposure to some real analysis, particularly the notions of open and closed sets, 
although the main points are summarized at the beginning of Chapter 2. 

After working through the material in this text, the student should be able to appreciate 
the references in the following. Of course a familiarity with the original psalm, available in both 
the Christian and Jewish Bibles, is necessary. 


Psalm 23 on the Complex Plane 


The Lord is my analytic function; I shall lack no derivatives. 
He makes my modulus submaximal on his domain. 

He leads my integral to zero around closed contours. 

He remakes my parts harmonic. 

He guides me on deformable paths, without changing value. 


Even though I walk through the valley of the forest of poles, 

I will fear no singularity, for you are with me. 

Your radius of convergence, and analytic continuation, they comfort me. 
You establish a Laurent series before me, surrounding my enemies. 

You anoint my argument by 27; my residues overflow. 


Surely continuity and differentiability will follow me on all of my branches, 
And I will dwell on a Riemann surface forever. 


Allan R. Willms 
December 2021 
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Basics of Complex Numbers 


1.1. INTRODUCTION 


The natural numbers are N = {1,2,3,...}. But there is no natural number that is a solution of 
an equation such as x + 2 = 1. 

The integers are the set Z = {0,+1,+2,...}. There is an integer solution of x + 2 = 1, 
but there is no integer solution of an equation such as 2x + 3 = 0. 

‘The rational numbers are the set Q = {¢ :a,beZ,bF O}. There is a rational solution 
of 2x + 3 = 0 but there is no rational solution of, for example, x? — 2 = 0. 

‘The irrational numbers are the set Q consisting of all numbers whose decimal representa- 
tion does not repeat. There is an irrational solution of x7 — 2 = 0. 

The real numbers are the set R = QU Q. The real numbers are in 1-1 correspondence 
with points on an infinite line called the real line. However, even using the real numbers there is 
no solution of some simple polynomial equations such as x” + 2 = 0. For the solutions of such 
equations, if they exist, we need a larger set of numbers yet. 

An obvious generalization of points on a line is points on a plane. The Argand Plane or 
Complex Plane has a horizontal axis, called the real axis, which corresponds to the real line, 
with unit 1, and a vertical axis called the imaginary axis with a unit called 7. Points z on the 
Argand plane are complex numbers written in the form x + iy where x and y are real and 
correspond to the horizontal and vertical distances from the origin (0, 0); see Fig. 1.1. Thus, the 
complex plane is in one-to-one correspondence with R*. Specifically, the complex plane is the 
set 

C={x+iy:x,yeR}. 


We often write yi rather than iy, especially when y is an integer, for example, z = 3 — 2i, but 
this is purely aesthetic. The real part of the complex number z = x + iy is x, and the imaginary 
part of z is y. These are written as 


Re(z) = x and Im(z) = y. 


It is important to realize that the imaginary part of a complex number is a rea/ number, that is, 
the imaginary part of z = x + iy is y, not iy. The term “imaginary” is really quite unfortunate 
as there is nothing imaginary about the number at all. Gauss proposed the term “lateral unit” 
for i, but unfortunately that never caught on.! 


1Carl Friedrich Gauss (1777-1855), a German mathematician and physicist is considered one of history’s most influential 
mathematicians. 


2 1. BASICS OF COMPLEX NUMBERS 


Im 


0 x Re 


Figure 1.1: The complex plane. Cartesian and polar representations of a complex number z. 


It should also be emphasized that there is no ordering of the complex numbers. ‘The state- 
ment Z1 < Zz makes no sense for complex numbers z; and 2p. 

We shall find that not only do complex numbers allow us to theoretically solve all poly- 
nomial equations, but complex numbers are extremely useful in many applications. Further, the 
elementary analysis of differentiable functions of complex variables is extremely elegant and 
fascinating in its own right. 


1.1.1 CARTESIAN AND POLAR FORMS 


The form z = x + iy where x and y are real, is called the Cartesian form of the complex number. 
Some texts will also represent a complex number simply using the ordered pair (x, y). Another 
way to identify a point in the plane is to use the straight line distance, r, from the origin and the 
angle, 0, between that line and the positive real axis; these quantities are also as shown in Fig. 1.1. 
‘The value r is called the modulus of the complex number z, and 6 is called the argument. These 
are denoted 

|z|=r and arg(z) = 0. 


Notation convention: 

Throughout this textbook we shall use the convention that, unless specifically stated 
otherwise, the symbols x and y will be reserved for the real and imaginary parts of z, re- 
spectively. Similarly, the symbols r and 6 will be reserved for the modulus and argument 
of z, respectively. 


It is very important to understand that @ is not unique; any multiple of 27 may be added 
to @ without changing the point z, since this simply corresponds to circling around the origin 
an integer number of times. Often we wish to be more precise in our choice of 6, and to do 
this we could define amy interval of length 27 (open on one end and closed on the other) and 
insist that @ lie in this interval. Often we will find it necessary to select a specific interval, say 
[-2/2, 3/2) or (—32/4, 52/4], depending on the problem at hand. However, it is convenient 
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to have a standard set interval, and if @ lies in this interval we say it is the Principal Argument 
of z and is denoted Arg(z). We shall adopt the convention that the standard interval is (—z, x], 
that is, the principal argument satisfies 


—m < Arg(z) <7. 


This is an obvious choice of interval and is the most common, but the student should be aware 
that a few texts define the principal argument to lie in the interval [0, 277). The other thing to 
note is that for z = 0 + 10 the argument is undefined. 

In summary, the principal argument of a complex number z ¥ 0 is unique and lies (by 
our convention) in the interval (—z, zr], while the argument of z may take on this value plus any 
multiple of 27, that is, 

arg(z) = Arg(z) + 2zk, keZ. 


From Fig. 1.1 it is clear that 
x =rcosé and y=rsing. (1.1) 
Thus, we may write 
z=x+iy=rcosé+irsiné =r (cosé+isin@). 


‘The quantity cos @ + i sin @ is often given the short form notation cis 6. Thus, the polar form 
of a complex number is z = r cis 6. Many texts use this notation extensively, so you should be 
familiar with it. However, in Section 1.2 we will introduce a much more convenient notation 
and so will not use the cis notation beyond that point. 

Equation (1.1) expresses the Cartesian form in terms of the polar form, but what about 
the other way around? By squaring and adding both equations we get x? + y* = r?, therefore 
r= Vx? + y?. We know that we must use the nonnegative square root because r must be non- 
negative. By dividing the equations in (1.1) we get y/x = tan 6. However, isolating for 0 is not 
straightforward. ‘The function tan is periodic with period z and takes on all real values in each 
interval of length z, as shown on the left in Fig. 1.2. The inverse function is obtained, as usual, 
by reflecting in the line y = x; this produces the plot on the right in Fig. 1.2. Technically, the 
inverse tangent, called arctangent and denoted arctan, atan, or sometimes tan7’, is a multival- 
ued function. It has an infinite number of branches, each one defined on the entire real axis but 
constrained vertically to an interval (—5 + kx, 5 + kx), for some k € Z. The principal branch 
is the one with k = 0 so that it passes through 0; this is the function used by a typical calculator, 
for example. Every other branch is just a vertical shift of the principal branch by an amount kz, 
for some integer k. By general convention, when the notation arctan, atan, or tan7! is used as 
a function of a real number, it refers to the principal branch, unless the context indicates that 
one or more other branches are meant. We shall adopt the same convention when applying this 
function to a real variable. 
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rr 


Figure 1.2: The tangent function (left) and its inverse (right). The inverse tangent function has 
an infinite number of branches. The branch passing through the origin is the principal branch 
(thick, red) and corresponds to the portion of the tangent function that lies between —2/2 and 
w/2. 


‘The correct branch of arctan to use to invert the expression y/x = tan 6 depends on the 
quadrant in which z = x + iy lies. If z is in the first or fourth quadrant, so x is positive, then the 
principal argument of z is between —2/2 and 2/2 and so the principal branch should be used. 
However, if z is in the third quadrant so x and y are both negative, then the principal argument 
of z is between —z and —z/2 and so the branch that is —z below the principal branch should 
be used. Similarly, if z is in the second quadrant then the branch that is 2 above the principal 
branch should be used. Which branch of arctan to use is not determined simply by the ratio 
y/x since both y/x and (—y)/(—x) are the same value but x +iy and (—x) + i(—y) are in 
different quadrants. For this reason, a “2-input arctangent” function is defined, denoted atan2, 
which depends on both y and x, not just their ratio. For later convenience, for any given interval 
J of length 27, open at one end and closed at the other, we define a general function atan2; so 
that its range is J: 


arctan(2)+(Qk+lxeJ, keZ, ifx <0, 


1.2 
arctan ()+2kr7 EJ, keZ, ifx > 0. a 


atan2 7(y,x) = 


‘The effect of the integer k in the above definition is to shift the output value by a multiple of 27 
so that the output value is in J. For any given x and y and any given interval J of length 27, 
open at one end and closed at the other, there is exactly one integer k that can be selected in (1.2). 
Note the order of the inputs to this function: y is first, x is second. When x = 0 the quantity 
atan2 7(y, 0) should be interpreted as the limit as x approaches zero; the function is not defined 
when both x and y are zero. For any positive real number c, atan27(cy,cx) = atan2;(y, x). 
This is only true for positive real numbers c, because then the point (cx,cy) is in the same 
quadrant as (x, y) and the ratio cy/cx is equal to y/x. It is straightforward to verify that atan2, 
has range J, is a continuous function on R? except at 0 and along the ray corresponding to the 
end points of J, where the value jumps by 27. If J = (—z,] then this function yields the 
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principal argument of z = x + iy, that is, 
Arg(z) = atan2(_z,7](y, x). 


Since J = (—z, 7] is the interval most frequently used, we shall adopt the convention that if 
no subscript is given to atan2 then J = (—7, x] is assumed. (Many computer languages have 
a function called atan2 that is precisely this function.) The correct formulas for expressing the 
modulus and argument of z in terms of x and y are then 


r= x24 y? and 0 =atan2(y,x)+2nrk, keZ. (1.3) 


One final thing to note, which often comes in useful, is that since r = ./x? + y? it follows 
that 
Re(z) < |z| and Im(z) < |z|. 


1.1.2 ©ADDITION AND MULTIPLICATION OF COMPLEX NUMBERS 


Now that we have defined complex numbers as points on a plane, we need to generalize the two 
basic operations of the real numbers, namely addition and multiplication. We use the symbol “+” 
to denote addition, but, as customary for real variables, we shall typically represent multiplication 
of two complex variables by simply writing them adjacent to one another. Sometimes we will use 
the symbol “.” to represent multiplication. As with real variable operations, parentheses are used 
to prioritize the order of operations or to group expressions. Whatever definitions for addition 
and multiplication we end up adopting for complex numbers, we want these two operations to 
satisfy the following properties. 


For all z1, 2, and z3 € C the following must hold: 
1. closed: z} + z2 € C and z1z2 € C; 
2. commutative: zj + Z2 = Z2 + 2, and 2122 = 2924; 
3. associative: (Z] + Z2) + 23 = 21 + (Zo + 23) and (2122)z3 = 21(Z2Z3); 
4. distributive: z1(z2 + 23) = 21Z2 + 21233 


5. identity elements: there exists an additive identity denoted “O” such that z; + 0 = z,, and 
y. 
there exists a multiplicative identity denoted “1” such that z; - 1 = 21; and 


6. unique inverses: for each z; € C there exists an additive inverse denoted “—z,” such that 


z1 + (—z1) = 0, and for each z; € C, z; ¥ 0, there exists a multiplicative inverse denoted 
1 


1 _ 
PA such that Z, - z= 1. 
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Figure 1.3: Addition of complex numbers (left) acts like vector addition in the plane R?; real 
and imaginary parts are added separately. The triangle inequality (right) holds. 


Any set of points with operations of addition and multiplication satisfying the above properties 
is called a field. Q and R are fields, but Z is not (which property fails?). We wish to define 
addition and multiplication of complex numbers so that C is also a field. 

Defining the operation of addition on C is straightforward, when adding two complex 
numbers we add the real and imaginary parts separately. 


Definition 1.1 Complex Addition. If z; = x; + iy; and zz = x2 + iy then the addi- 
tion of z; and Z> is 
21 + Z2 = (x1 + x2) +i(¥1 + J2). (1.4) 


‘The geometric notion of this complex addition is the same as that of adding two vectors in 
the real plane R?; see Fig. 1.3. It is a straightforward exercise to show algebraically that complex 
addition defined by (1.4) satisfies the above properties involving only addition. It is also clear 
from the geometric notion of addition that these properties will be satisfied. For example, when 
adding three vectors in the plane it does not matter what order you add them in; this is the 
associativity property. The additive identity is the number 0 + i0 and the additive inverse of 
z=x+iy is —x +i(—y), that is, the point obtained by reflecting z through the origin. 

This definition of addition also implies that the distance between two points z and w is 
|z — w|, since the vector z — w is the vector one must add to w in order to get z. 


Definition 1.2 Distance. ‘The distance between two points z and w in the complex plane 
is the modulus of their difference, |z — w]. 


‘The triangle inequality, which is just the geometric statement that the length of one side 
of a triangle can be no larger than the sum of the lengths of the other two sides, also clearly holds 
due to our definition of addition. If one considers the triangle with vertices 0, z, and z + w in 
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21% J 


Figure 1.4: Multiplication of complex numbers is a scaling and a rotation. 


Fig. 1.3, one gets the familiar form of the triangle inequality: |z + w| < |z| + |w|. However, if 
one considers the triangle with vertices 0, w, and z one gets |z| < |w| + |z — w], which is usually 
re-arranged to read: |z — w| > |z| — |w]. This is an equivalent form of the triangle inequality that 
is frequently useful. 

Unlike addition, it is not immediately clear how one should generalize the operation of 
multiplication, since there is no notion of multiplying two points in R. We want our definition 
of complex multiplication to coincide with the definition of multiplication of two real numbers 
in the case that z; and Zp lie on the real axis, that is, if their principal arguments are either 0 
or zt. How does such real multiplication work? The distance from the origin to the product is 
the product of the distances from the origin to the two numbers, and the sign of the product is 
negative if and only if exactly one of the factors is negative. So we want 


If z; and zz are both positive reals: Z1Z2 = (r; cis0)(r2 cisO) = (r1r2) cis O 

If z; is a negative real and Zp is a positive real: 2122 = (1 cis) (r2 cisO) = (rz) cis a 
If z; is a positive real and z> is a negative real: 2122 = (1) cis0)(r2 cis 7) = (rz) cis a 
If z, and zz are both negative reals: Z1Z2 = (r; cis) (r2 cis 7) = (r1r2) cis O 


Since 7 + 2 = 2m is the same angle as 0, it seems clear from the above that a reasonable defi- 
nition of complex multiplication is that it (real) multiplies the moduli and adds the arguments. 


Definition 1.3 Complex Multiplication. If z; =r; cis 0, and zz = rp cis @) then the 
multiplication of z; and Zp is 


Z1Z2 = (rir2) cis (0; + 42). GIES) 


Multiplication is depicted in Fig. 1.4. The importance of this geometric notion of complex 
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Figure 1.5: i? = —1 


multiplication cannot be overstressed: 


Complex multiplication of a number w by a number z = rcis @ consists of scaling the 
modulus of w by r and rotating w by the angle 0. 


What happens if you square a number? By (1.5), if z = rcis@ then z? = r? cis(20), so 
the modulus squares and the argument doubles. Similarly, z7 = r? cis(30) and, in the general 


case, we get what is known as de Moivre’s theorem.? 


Theorem 1.4 de Moivre’s Theorem. For z € C and n a positive integer, 


Be = 7” isa). 


Using these geometric notions of complex addition and multiplication, it is now an easy 
exercise to verify that the field properties hold. For example, the distributive property is satisfied 
since adding two vectors then scaling and rotating the result is the same as scaling and rotating 
the vectors first and then adding. The multiplicative identity is the number 1 + 10 = | cis 0 since 
it scales by 1 and does not rotate, and the multiplicative inverse of r cis 6, r # 0 is 1 cis (-8), 
since the scaling will bring the modulus to 1 and the rotation will bring the argument to zero. 

Let us now consider the number i = 0 + 71 = I cis $. This number is one unit directly 
above the origin. What happens when we square this number? Since the modulus of i is 1, 
the square will also have modulus 1. Since the arguments add, the argument of the square will 
be twice the argument of i, hence 2. We conclude that i? = 1 cis = —1, or, equivalently, 
/—1 =i. See Fig. 1.5. We have shown that i? = —1 is a consequence of our definition of 
multiplication in the complex plane. 


? Abraham de Moivre (1667-1754) also worked in the area of probability theory. 
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It is the author’s opinion that minus sign errors are by far the most ubiquitous errors in 
mathematics. In the subject of complex analysis, these errors are even more prevalent due to 
the fact that i? = —1. Be extra vigilant in preventing minus sign errors when doing complex 
analysis! 

‘The student should also verify that the definition of multiplication, when the numbers are 
written in Cartesian form, is 


2122 = (x1 + iyy)(X2 + iy2) = (%1X2 — Yi y2) + i(X1y2 + X21). 


‘The above can also be seen to hold because the distributive property holds and each of x1, iyi, 
x2, and iy2 can be considered as complex numbers themselves, and because i? = —1. 


1.1.3 EXERCISES 
1.1. Sketch the following sets in the complex plane. 


(a) 0 <argz < 7/3, |zZ|>1, (b) Imz <1, |Rez|>2, (c) Imz <2, |z| > 2, 
(d) (32 =2 +4 4i| <3, (e) |z—i|>|z—2—-i|, (f) Arg(z?) < Arg(z). 


1.2. Write the following in the form x +iy, x, y ER. 


G@4=38 = 0 =7%), (b) (3 —2i)(—1 —1), (c) i(2 + 5i)(4 + 3i). 


1.3. Ifz = V2cisz/4, compute z? and z? and plot them on the complex plane. 
1.4. Consider the function atan2, defined by (1.2). 
(a) Show that atan2, has range J and is continuous on R? except at the point (x, y) = 
(0, 0) and along the ray 6 = a, where a is one of the end points of J. 


(b) Let J; and Jz be two different intervals of length 27, each closed at one 
end and open at the other. Let W = J, MN Jz. Show that if (x, y) is such that 
atan2 7, (y,x) € W then atan2,, (y, x) = atan2,,(y, x), and if (x, y) is such that 
atan27,(y,x) ¢ W then atan2,,(y, x) and atan2,,(y, x) differ by a multiple of 
2m. 


1.2 THEEXPONENTIAL FUNCTION 


Recall that for a real number x, the exponential function is defined as 
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This series converges absolutely* for all x € R since, by the ratio test,’ we have 


xttl 


lim |4 it YY lim 
n—->oo = noo 
nt 


= 0. 


x 
n+1 


We will now define the exponential function for complex numbers z in exactly the same way: 


Definition1.5 Exponential Function. The exponential function, e”, for z € C is defined 


as 
oo 


n 


"| 


To ensure that this definition is in fact sensible, we will need to verify that the series converges. 
Convergence is an issue we will discuss in detail in Chapter 6. However, for our purposes here 
we shall assume that we know what it means for a real series to converge and shall relate that 
to complex series with the following theorem (which is identical to Theorem 6.9 and proved 
there). 


Theorem 1.6 = [fun(Z) = an(z) + ibn(z) and U(z) = A(z) + iB(z) where an, bn, A, and B 
are real-valued functions of the complex variable z, then )) Un(z) converges (uniformly) to U(z) 
if and only if Y) dn(z) and ¥° by(z) converge (uniformly) to A(z) and B(z), respectively. 


In other words, a series of complex numbers converges if and only if the series of its real part 
and its imaginary part both converge. The “uniformly” adjective essentially refers to the rate of 
convergence being the same for all z in some region, but that is not material here since we are 
only concerned at the moment with pointwise convergence of e7. 

By de Moivre’s theorem we have that z” =r” cisn@, where r = |z| and 6 = arg(z). 
Therefore the nth term in the series definition of e7 


_ r'cis(n@) _ r” cos(n@) = sin(n@) 


n! n! n! n! 


Now since both |cos(7@)| and |sin(”@)| are bounded above by 1, we have that 
r” cos(n@) a  r” sin(n@) ane 
Zz = —= I a a ———_7 8 . 
|Re(e7)| y “ I < 2a a a and |Im(e7)| dX Fe < dX 


Thus, both the real part and imaginary part are bounded in magnitude by the series )-7° 9 r, 
which clearly converges since it is by definition the real series for e”. By the comparison test then, 


3 Absolute convergence means that the series obtained by replacing all terms with their absolute values converges. 
4We will look more closely at the ratio test and other tests for convergence of series in Section 6.1. 
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both the real part and imaginary part of e? are absolutely convergent for each z. We conclude 
that the series for e? converges absolutely for every z € C. 


1.2.1 EULER’S FORMULA 


Now consider the special case where z = iy, y € R. In this case we have 


[o,e) 
Gy” 1 iy y? yy Ly? 
iy 
7 4 mo Ol Ot a a 
n= 
where we have used that fact that i? = —1,i? = —i, etc. Note that the even terms are real while 


the odd terms are purely imaginary. Since we know the series is absolutely convergent, we may 
re-arrange the order of summation, collecting the even and odd terms together, to get 
(oe) [oe) 
; —])@ 2m —])@ 2m+1 
ev = OF ya 
m=0 (2m)! m=0 (2m + 1)! 

You may recognize these two series. They are in fact the Taylor series for cos y and sin y, which 
can be verified by checking any introductory calculus textbook. We have therefore arrived at 
Euler’s formula, which is often written with the variable 6 rather than y: 


@ 


e!’ = cos6 +isin@, ford ER. 


For 6 = x, Euler’s formula provides what by some is considered the most elegant equation in 
all of mathematics: 
7 +1=0. 

In this formula we have the most elementary of all numbers, 1, the exceedingly important con- 
cept of zero, the most basic arithmetic operation of addition and relational operation of equality, 
the transcendental number e, special due to the fact that the function e* has derivative equal 
to its value at each x, the geometric constant 2, which is the ratio of the circumference to the 
diameter of a circle, and the fundamental complex number i being the square root of —1. That 
all these things can be put together in the above simple form to produce a true statement is a 
thing of mathematical beauty. 


1.2.2 THE EXPONENTIAL AS POLAR FORM 


Using Euler's formula, we see that the notation cis 6 is simply equal to e!’. We may now write 
the polar form of a complex number using the exponential: 

z=rel®, where r= |z| and 6 = argz. 
This notation is much more convenient than the form r cis 6, hence from now on we will consider 
z = re’® as the polar form of a complex number. Some texts call this the “exponential form” of 
a complex number. 
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Part of the reason that this notation is convenient is because it immediately suggests how 
complex multiplication works. For example, if z) = rje!®! and z2 = rze!*, then 


2429 =e I ret”? = (ry r2)e1 1+ 92) | 


‘Thus, the modulus of the product is the product of the moduli of the factors, and the argument 
of the product is the sum of the arguments of the factors. And, de Moivre’s theorem in this 


n ‘ 
t= (re'*) = pr eind 
b 


In the above, we have assumed that the property of the real exponential function that says e477” = 

4¢> for a,b € R also holds if a and b are complex. This seems reasonable but it should be 
verified. Let a and b be any two complex numbers, then, from the definition of the exponential 
and using the binomial theorem (recall that (7) = een) we have 


notation becomes 


oo n n —k k 
ath _ eror | \ n-k pk qu} 
e -¥ a a PF ie b -yy ss kk! 
n=0 k=0 n=0k=0 
_ et a'p® a°b! a*b®— q'b! a®b? 
= oor * tor * onr * aor * Tar > on 
—S— ————Ew 
n=0 n=1 n=2 
a3b® azb! a'p2 a°b3 
~ - - bese 
——_———— 


310! 2'1! 1!2! 0!3! 
eee 
n=3 n= 


For every pair of nonnegative integers k and m, the sum on the right-hand side of the above 
m pk 


a 
expression contains exactly one term of the form — n Also, since e@ 
m! 


gent, we may re-arrange the sum in any order without affecting the result. Thus, we may write 


oo m CO pk 
a+b _ a b ==). 50 5D 
e = ) — — }] =e%e?, 
m! k! 
m=0 k=0 


because the product of the two series in the above expression also has exactly one term of the 


bk 
form — for each pair of nonnegative integers k and m. We have proved that indeed this 
m! 


property of the exponential function is valid for complex variables as well. 
From this property of the exponential we also have 


a+ is absolutely conver- 


the sum as 


e2 = exty = e*e', 


therefore the modulus of e” is e* and the argument of e7 is y. Further, the exponential is a 
periodic function with period 2zi since 


e7 tnt — 972% — 67 (cos(2m) + i sin(2m)) = e”. 
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A further useful property of the exponential is that the set of points e’ 9 0 <6 < 2m, traces out 
the unit circle centered at the origin in the complex plane. 


1.2.3. EXERCISES 


1.5. Let xo be a fixed real number and consider the vertical line with points z = xo + iy, 
y € R. What set of points is obtained when the exponential function is applied to all 
points on the line? Answer the same question for the horizontal line z = x + iyo. 


1.6. Show that e’”/? =i. 
17: VWr=sGe"*, computes’, 


1.8. Ifz = e'%/3, is there a value of n such that z = z”? 


1.3. CONVERSION BETWEEN CARTESIAN AND POLAR 
FORMS 


In Section 1.1.1 we developed the formulas for converting between Cartesian and polar forms 
of a complex number: 


x=rcosé, y=rsiné, = r=Vx?+y?2, O=atan2(y,x)+2rk, keZ. 


For the majority of angles, 0, the values of cos @ and sin 6 are not simple expressions, and con- 
versely for most values of x and y the value of atan2(y, x) is not a simple expression. However, 
there are a few special angles where there is a nice, simple relationship, for example, 9 = 1/2. 
Since these special angles are used extensively in examples, it is worthwhile reviewing the points 
on the unit circle corresponding to these angles. 

Recall that the x and y coordinates of a point on the unit circle are equal to cos 6 and sin 6, 
respectively, where @ is the angle between the positive x-axis and the line joining the point to 
the origin. See Fig. 1.6. The special angles in the first quadrant are 0, 2/6, 1/4, 1/3, and 1/2. 
Adding or subtracting multiples of 1/2 give the special angles in all four of the quadrants. To 
memorize the values of cos @ and sin 6 for these special angles one needs only be able to count 
from 0 to 4, apply a square root, and divide by two. For example, starting at the angle 0, the 
y-coordinate is clearly 0. Thus, counting from 0 to 4, taking a square root and dividing by two 
for each number yields the sequence 


1 2 
ee 4, (1.6) 
2 2 2 
These are the values of sin 0 for the angles 0, 2/6, 1/4, 2/3, and 2/2, in order. Similarly, starting 
at the angle 2/2, where the x-coordinate is clearly 0, the same sequence (1.6) gives the values of 
cos @ for the angles 1/2, 2/3, 1/4, 1/6, and 0, in order. Similar reasoning can be used to obtain 
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Figure 1.6: Special angles. The coordinates of points on the unit circle are given by (cos 6, sin 0). 
‘These values for special angles in the first quadrant are given. Cosine and sine values of special 
angles in the other quadrants are obtained by rotation and reflection. 


the values of cos @ and sin @ for the special angles in the other quadrants, or one can simply 
think of reflections or rotations that map the angle of interest to the first quadrant. 


Example 1.7 | Write each of i, 3 + 3i, 2 —i2V3, and —3 —i V3 in polar form. 
For z = i, the argument is clearly 7/2 and the modulus is 1, so z = e'7/?. 
For z = 3+ 3i, since x = y, the argument is clearly 7/4. The modulus is r = 


J/32 + 32 = 3/2, soz = 3/2 e!7/4. 
For z = 2 —i2¥/3 the modulus is r = 1/2? + (23)? = vV/16 = 4. Factoring out the 
modulus we have 
=| 


1 
a | ee ee 
B HONE (; = 


The angle on the unit circle where cos @ = 1/2 and sin@ = —/3/2 is 6 = —m/3 soz = 


Aegis, 
For z = —3 —i V3 the modulus is r = /32 + 3 = 2V3. Factoring out the modulus 
we have 
3 1 
cain 2V5(-33-15). 


The angle on the unit circle where cos 9 = —/3/2 and sind = —1/2 is 0 = —5/6s0 z = 
Dy Siento 


1.4. CONJUGATION 


Conversion between different forms of a complex number is often required because addi- 
tion is most easily performed when the numbers are in Cartesian form, while multiplication is 
most easily performed when the numbers are in polar form. 


1.3.1 EXERCISES 
1.9. (a) Write 2e'5"/4 in the form x + iy, x,y ER. 
(b) Write —2 + 2i in the form re’’, r > 0, -—1 <0 <x. 


1.10. Write the following in Cartesian form. (In many cases it may be easier to change to 
polar form before doing multiplications.) 


(a) (3 i)’, (b) 4ei27/3 4 (1 if V3i) (c) (2-4 3i)e*/4, 
(d) (1+1)'(v3+i). (e) (v2-+iv2)' + (vieinis)* 


1.11. Use the binomial theorem and de Moivre’s theorem to express cos n@ and sinn@ as sums 
of terms of the form cos”~* 6 sin‘ 6, where 0 < k <n. Give explicit expressions for the 
cases = 3 andn = 4. 


1.4 CONJUGATION 


Definition 1.8 Complex Conjugate. The conjugate of a complex number z = x +iy = 
re’® is denoted Z and is defined as 


Z=x-—iy=re7, 


‘Thus, the geometric operation of conjugation is reflection across the real axis. Algebraically, it 
negates the imaginary part, or equivalently negates the argument. Using the geometric notions 
of conjugation, addition, and multiplication it should be easy to see that 


Z13+2Z2=%+2Z9, and 722 = 2°22. 


From the definition of conjugation, it immediately follows that 


Thus, multiplying a number by its conjugate results in the square of the modulus. Using this fact 
it is now easy to find the multiplicative inverse of a number z in Cartesian form: 


1 Zz Z x—I1y x . y 


= = i 
go F).  eye  geoy ~eap 


15 
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This algebraic trick of multiplying the numerator and denominator of a rational expression of 
complex numbers by the conjugate of the denominator is a very useful way of simplifying com- 
plex expressions. Of particular note is that 


1 i ; 
-= =-i, 
i i(—i) 
Example 1.9 Write the expression w = i z 7 in Cartesian form. 
i 
x 2 SH Q=3)d—21) 2—6 = 41 — 37 4 4.7 
= = = = = [Sets 
a 9 (ey 12 +22 5 5 


1.4.1 EXERCISES 
1.12. If z = Z what can you say about z? 
1.13. Using the Cartesian form of z, show explicitly that zz = \z|?. 
1.14. If Arg(z) > 0 what can you say about Arg(1/z)? 
1.15. Find all z that satisfy Z = 1/z. 


L, . ‘ 
in Cartesian form. What is |z|? 


1.16. Write z = — 


1.17. (a) Using the polar form of z verify that 7127 = 77 - Z. 
(b) Using the Cartesian form of z verify that Zz) + Z2 = 7] + 72. 
(c) Verify that 2 = ei2arel?) 
Z 


1.5 INTEGER AND RATIONAL POWERS 


For a positive integer n we already know that 
g” = preind 


We define negative integer powers as follows. For n > 0, 


Zz = ne = 1 = pte ind 
“zn pneind : 
Thus, de Moivre’s theorem holds for all integers n, where we define z° = 1. 

What about rational powers of z? First consider z!/" where n € Z, n # 0. The obvious 


way to proceed is to simply raise the polar form of z to the power 1/n: 


zl/n = Gre)" = pi/n oi6/n 
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However, it is necessary to remember that the argument @ of any complex number is not unique; 
we may add any multiple of 27 to it. Thus, the correct definition of z!/” is as follows. 


Definition 1.10 Roots ofa complex number. If z = re’? then the n values of z!/” are 


zi/n — (rete+2ni)1"" = pn el O+2rk)/n O</k Sip, 


It does not matter which particular value of @ is chosen for the argument of z because shifting it 
by a multiple of 27 is the same as changing the value of k. The reason we only need to consider the 
integers 0 < k <n and not all integers is because other values of k will simply yield an argument 
that is a factor of 27 different than these. For example, k =n gives an argument for z!/” that 
is 2m larger than the argument obtained with k = 0. Thus, we see that there are exactly n nth 
roots of a complex number. Further, these roots are evenly spaced around a circle of radius r!/”. 
With our geometric notion of multiplication, which scales the modulus and adds the argument, 
we can see that the modulus of the nth roots must be r!/”, so that when you multiply n copies 
of it together you get r, and the arguments of the nth roots need to be 6/n plus a multiple of 
2a/n so that when you add n copies of it together you get @ plus a multiple of 27. 

The fact that there are multiple values of z!/” should come as no surprise. Already with 
real numbers you are familiar with the fact that there are two square roots of any positive number, 
one of them being positive and the other negative. These correspond to the integers k = 0 and 
k = 1, respectively. For example, 


gl/2 — (9080)? = 9/2 pi(0+2nk)/2 _ =o ifk = 0, 
7 7 ~ ) 3ei+20)/2 — 3ei™@ = 3 fk =1. 


‘The principal nth root of z is defined using the principal argument. 


Definition 1.11 The principal nth root of z is |z| V/n Gi Are(2)/" where Are(z) is the prin- 
cipal argument of z. 


Since the principal argument of a positive real number is 0, it follows that the principal 
nth root of a positive real number is also a positive real number. So, the principal square root of 
9 is 3, and the principal cube root of 64 is 4, etc. 


Example 1.12 Compute and draw on the complex plane the values of z1/3\ where (a) 
=z = %, amal (p) z =a aT Write these values in both polar and Cartesian form. Also indicate 
which root is the principal root. 
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2 ei2al 3 


y) ei2al 3 


Figure 1.7: Solutions for Example 1.12. Left, (a), cube roots of z = 8. Right, (b), cube roots of 
z =i127/8. 


(a) We have that z = 8e?°, therefore 


71/3 = QeiOt2zk)/3 k =0,1,2 
Sy ye oye) (polar form), 
= ee oe (Cartesian form). 


Since Arg(z) = 0, the principal cube root is 2. These values are sketched in the left 
plot of Fig. 1.7. 
(b) We have that z = Z e!7/2 therefore 


ea oc =a 


= no oa ee (polar form), 
NETS ee 2 (Ce 
= i-, i-, ix, artesian form). 
4 4 4 4 2 


Since Arg(z) = 2/2, the principal cube root is - e!™/®_ These values are sketched in 
the right plot of Fig. 1.7. 


The nth roots of unity are solutions of z = 1'/". These are the n points on the unit circle 


equally spaced starting at 1. Figure 1.8 shows these roots for the casesn = 4,n = 5, andn = 6. 


Consider now a rational power of the form z?/4 where p and q are integers, gq # 0. This 
can be computed either as (z”)!/4 or as (z!/4)?, provided one first writes z including all of its 
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J bs a4 


Figure 1.8: The nth roots of unity, for (left to right) n = 4,5, 6. 


possible arguments. For example, 


Cay —_ (ere tee) 2/2 — (64e'2 ey 9 — Aei2e+2mk)/3 | k E€ Z.. 


or equivalently, 


(—8)2/3 = (Sei +27k))2/3 = (Qeie+2mk)/3)2 — 4ei2(e+2nk)/3_ kez 


In both cases you get the three distinct solutions: 4e'?*/3, 4 and 4e~!?”/3, corresponding to 
choosing k = 0, 1, or 2. As a small word of warning, you should be sure to write z in terms of all 
its valid arguments prior to taking the power p or the power 1/q. If you take the power p first 
and then write that result in terms of all its valid arguments and then take the power I/q, you 
will get extraneous answers in the case that p and g have a common factor. For example, if you 
were asked to compute i?/* you might be tempted to first say, i? = —1 so the result is (—1)!/4, 


which would be 


(—1)'/4 = (ei +2ak)y1/4 = pitt2mk)/4 _ gin/4 — gi3n/4— gidm/4 gi Ta /4. 


4 = 71/2, and we know that there are just 


in/4 i5a/4 


However, there must be only two solutions because i7/ 
two second roots of any number. Of these four solutions only e 
for i!/?, since when you square these two you get 7 but when you square the other two you get 
—i. So where did the other two solutions come from? What was our error? The error was stating 
that e!(*+27*) is a valid representation of —1 = i? (which it is), but then implicitly assuming 
that e!(*+27*)/2 is a valid representation of i (which it is not for all k). The valid representations 
i(x/2+2nk) — ei(e+4zk)/2_ This error can be avoided by making sure you first write z in 
terms of all its valid arguments before raising it to the power p/q. For this example we would 
compute as 


and e are valid values 


of i are e 


j2/4 = (eae = ei2(a/2+20k)/4 = ei @/2+2nk)/2 ke Z, 


_ eftl4 el da/4 
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‘The error can also be avoided by cancelling all common factors in p and g prior to computing 
zP/d. 


In summary, if p and g are nonzero integers with no common factors, then there are q 
distinct values of z?/4 given by 


Pld — \z|?/4 el(Are@)+20k)p/q k=0,1,....qg—1. 


The principal value of z?/4 is the value obtained by selecting the principal qth root in the above, 


that is, 
Pld — |z|?/4 ei Ara(Z)P/4_ 


1.5.1 EXERCISES 
—V3+i 


1.18. Write ( sam 


in the form z = re’?, with —1 <6 <1z. 


1.19. For each of the following, determine all values in Cartesian form and plot the solutions 
on the complex plane. 


(a) (91)'/, (b) (1 +2)1/, (c) (—167)10/8, (d) ( —i)*?. 


1.20. Fora given z € C, define w to be the principal value of 25/4. Find any specific complex 


number z such that the principal value of w4/5 is not equal to z. 


1/n 


1.21. Let n be a positive integer. Show that the product of the n values of z*/” is z ifn is odd 


and is —z ifn is even. 


1.22. Consider the quadratic equation az* + bz + c = 0, where a, b, and c are complex con- 
stants, a # 0. 


(a) Show, in the way described below, that the quadratic formula 


—b + (b? — 4ac)'? 
2a 
gives the two roots of the quadratic equation. Let b? —4ac = pe'?; then 
(b? — 4ac)'/? has two values: \/pe!*/? and ,/pei@+2)/2, Now compute (z — 
Z1)(zZ — Z2) where z; and Zp are the two values given by (1.7). 
(b) Use the result of (a) to find all solutions of 


(1.7) 


(Gj) 27 +iz+1=0, (ii) 2? + z -iV3/4 =0, 
(iii) iz? +2iz+2+i=0, (iv) 24 +274+1=0, 


giving your answers in the form x + iy. 
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Figure 1.9: Stereographic projection of the complex plane onto the unit sphere. 


1.6 STEREOGRAPHIC PROJECTION 


Consider the complex plane and add a vertical direction. Place a unit sphere, S*, at the origin 
so that the equator of the sphere intersects the complex plane on the unit circle, as shown in 
Fig. 1.9. The north pole of the sphere sits directly above the origin. For any point z € C define 
a mapping ® from C to S? by drawing a straight line between the north pole of the sphere and 
z. This line necessarily intersects the unit sphere at the north pole and at exactly one other point 
A, The mapping is defined as ®(z) = A and is called stereographic projection. Actually, this 
term is used in both directions; we say the stereographic projection of z is A, and we also say 
the stereographic projection of A is z, under the inverse mapping ®~'. The sphere is called the 
Riemann sphere.” 
Several properties of stereographic projection are immediately evident from the figure. 


1. The origin maps to the south pole of the sphere. 
2. The unit circle on C maps to the equator of the sphere. 


3. Points inside the unit circle map to the southern hemisphere and points outside the unit 
circle map to the northern hemisphere. 


4. A circle centered at the origin maps to a circle of constant latitude on the sphere. 


5. A ray from the origin maps to a curve of constant longitude on the sphere (half a great 
circle). 


6. A line on the plane maps to a circle on the sphere. (This is because connecting the north 
pole to every point on the line sweeps out a plane, and we know planes must intersect a 
sphere in a circle.) 


7. As the magnitude of z gets large, its image approaches the north pole. 
5Georg Friedrich Bernhard Riemann (1826-1866) was a German mathematician who made great advances in analytic 


number theory, differential geometry, and other areas. He is perhaps best known for his rigorous definition of the Riemann 
integral. His primary contribution to complex analysis is the idea of Riemann surfaces, which appear in Sec. 3.6. 
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Figure 1.10: Stereographic projection mapping of z to the Riemann sphere. Z is the distance 
from 0 to P. 


‘The only point on the sphere that is not an image of some point on the complex plane is the 
north pole itself. Due to the last property listed above, we can say that the north pole corresponds 
to the point at infinity. This point at infinity is the same regardless of the argument; no matter 
which direction one moves away from the origin on the complex plane, the stereographic image 
of the point will approach the north pole of the sphere. Thus, there is only ove point at infinity. 
Stereographic projection allows one to think of complex numbers as points on the Riemann 
sphere rather than points on a plane, and it is this notion of a single point at infinity that is the 
most important aspect of stereographic projection. The complex plane together with the point 
at infinity is called the extended complex plane. 

It is a moderately difficult geometry exercise to work out the exact formulas for ®(z) in 
terms of either coordinates (x1,x2,.x3) on S? with x? + x3 + x3 = 1, or in terms of latitude 
and longitude coordinates; see Problem 1.23. 

One other fascinating thing about stereographic projection is that it maps all lines and 
circles on the plane to circles on the sphere. We have already noted above that this is true for any 
line and is true for circles that are centered at the origin. It is a bit more difficult to show that 
this statement is true for more general circles, but we shall be able show in Section 2.3.1 that it 
is true for circles that pass through the origin. A nice proof of the general result using inversion 
in spheres is given in Needham [1997]. 

Some authors define stereographic projection by placing the sphere above the plane so 
that the south pole is at the origin. In this case, if the sphere has radius 1/2 then the unit circle 
will map to the equator. The geometry of this alternate form of projection is qualitatively the 
same. 


1.6.1 EXERCISES 


1.23. Let (x, y,z) be a three-dimensional coordinate system aligned so that the positive x- 
and y-axes are the positive real and imaginary axes of C, respectively. Find explicit 
formulas for (X,Y, Z) = ®(z) in terms of x and y, where z = x + iy. [Hints: First 
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note that the direction 6 is not altered by the projection so that X + iY = K(x +iy) 
for some positive real constant K. Consider Fig. 1.10. There are three unknowns, | PA], 
|NA|, and Z. It is possible to obtain all of these in terms of |z| using geometry. One 
way to do this is to get one relation from the similar triangles ONz and PNA, one from 
the similar triangles ANS and PNA, and one from the Pythagorean theorem applied 
to PNA. Once you have | PA| you can compute K, since |PA| = VX? + Y?.] 


2.1 


25 


CHAPTER 2 


Functions of a Complex 


Variable 


SET TERMINOLOGY 


Here we list some terminology for sets in C that we will encounter throughout the remainder 
of the book. Let S be a set of complex numbers. 


1. 
2. 
3. 


Empty set. The set containing no points is called the empty set and is denoted 9. 
Complement. The complement of a set S is the set S consisting of all points not in S. 


Neighborhood. A neighborhood of a point Zo is simply all the points nearby, specifically 
the set 
N3(Zo) = {zZ €C : |z—Zo| < 35}, 56 > 0, 


is the “5 neighborhood” of zo. A “deleted neighborhood” of Zo is one that excludes the point 
Zo itself, hence the set condition is replaced with 0 < |z — zo| < 5. A deleted neighborhood 
of Zo shall be denoted N3 (Zo) \ {Zo}. 


. Limit Points/Cluster Points/Accumulation Points. Limit points of a set S are points 


that have other points of S close by, no matter how close you require them to be. 


‘The point Zo is a limit point of a set S if every deleted neighborhood of zo contains some 
points in S, that is, 
(Ns (Zo) \{zop) NS F#H, WS>0. 


‘The point Zo itself need not be in S. For example, if S is the set of points inside but nor on 
the unit circle, then the limit points of S are all points inside or on the unit circle. If S is a 
discrete set, for example, all the integers, then it has no limit points since, for any Zp one 
can always find a sufficiently small 5 so that (Ns(Zo) \ {Zo}) N {Zo} contains no integers. 


. Interior points. These are points completely surrounded by points of S. The point Zo is 


an interior point of the set S if there exists a d > 0 such that Ns(zo) C S. 


. Boundary points. These are points that have both points inside and outside S that are 


nearby. 
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10. 


11. 


12. 


13. 


‘The point Zo is a boundary point of the set S if for every 6 > 0 


Ns(zo)NSA#GB and = Ns(z)NS 4B. 


Equivalently, boundary points are limit points that are not interior points. 


Exterior points. A point Zo is exterior to S if it is neither an interior point of S nor a 
boundary point of S. 


. Open sets. A set S is open if all its points are interior points. 


Open sets do not include any of their boundary points. 


Closed sets. A set S is closed if every limit point of S belongs to S. 


This means that a closed set must include its boundary points. 


Closure of a set. The union of a set S with all its limit points is called the closure of S. 
The closure of S is denoted S. 


‘This set is necessarily closed. The notation for the closure uses an overline, like the notation 
for conjugation, but there should be no confusion since the former is applied to sets and 
the latter to complex numbers. 


Connected sets. ‘This means exactly what it sounds like; the set has to be all one piece. 
‘The precise definition is as follows. 


A set S is connected if, for every two points z; and z2 in S, there exists a path consisting 
of straight line segments entirely contained in S that connects 2 to Zp. 


For example, the set S = {z € C : |Re(z)| > 2} is not connected because the points z; = 
3 and z2 = —3 are both in the set, but there is no path connecting them that does not cross 
the imaginary axis, which is clearly outside S. In contrast, the set S = {z € C : |z| > 2} 
is connected, because, even though points within a distance 2 of the origin are excluded, 
any two points exterior to the circle radius 2 centered at 0 can be connected by a polygonal 
path staying outside this circle. 


Bounded sets. A set S is said to be bounded if one can draw a large circle that encloses 
S. Specifically, if there exists a number M > 0 such that |z| < M for all z € S, then S is 
a bounded set. 


Domain/Open region. A domain or open region is an open connected set. 


‘This use of the word domain is somewhat specific to the subject of complex analysis. The 
usual use of the word “domain” is simply to specify the set on which a function is defined, 
no matter if it is open, closed or not connected. However, in complex analysis when we 
use the word domain we mean an open connected set. 
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14. Region. A domain with perhaps some or all of its limit points. 


To close this section we state two important theorems for bounded sets, whose results we 
will use several times. 


Theorem 2.1 Weierstrass—Bolzano! Theorem. Every bounded infinite set has at least one 
limit point. 


This theorem basically says, that if you have an infinite sequence of points inside a bounded set, 
then these points cannot all be greater than some finite distance away from all the others. 


Theorem 2.2 Se R” ts a closed, bounded set and if g is a continuous function from S to R, 
then g attains both its maximum and its minimum in S. 


This theorem means there is at least one point x; € S and at least one point x2 € S such that 
g(X1) < g(x) < g(x2), Vx € S. The theorem does not say that discontinuous functions, or con- 
tinuous functions on open or unbounded sets cannof attain their maximum and minimum val- 
ues on these sets, but it does guarantee that continuous functions on closed and bounded sets 
do attain their maximum and minimum. As an example, the function g(x) = x? + | attains its 
minimum value of 1 on S = [0, 1] at x; = 0 and attains is maximum value of 2 at x. = 1. How- 
ever, g(x) = x* + 1 does not attain a maximum on the set S = [0, 1), nor does it on § = [0, 00) 
(although it happens to attain its minimum value on these sets). ‘The first set is not closed, the 
second is not bounded. Also, the discontinuous function defined by g(x) = 1/x if x 4 0 and 
g(0) = 0 does not attain either a maximum or minimum on S = [~1, 1]. 

Since the complex plane can by put in one-to-one correspondence with R?, the typical 
way that Theorem 2.2 will be applied in this text is for a function g that is the modulus of a 
complex function f(z), that is, g(x, y) = | f(z)|, where z = x + iy. 


2.2. SINGLE-VALUED AND MULTI-VALUED FUNCTIONS 


For a set S C C, a function f : S ++ C is simply a rule that assigns one or more values w € C 
to each input value z € S, that is, w = f(z). The set S is the domain of the function (this use 
of the word “domain” is the usual one, being the set, not necessarily open and connected, on 
which the function is defined). If R is any region inside S, then the image of R under f is the 
set obtained by applying f to each of the points of R. The image of R under f is written 


F(R) = tw = f(z): 2 € R}. 


The range of f is the image of the whole domain S. A function f is often referred to as a 
mapping or a transformation since it “maps” or “transforms” points in S to points in f(S). As 


1This theorem is named after Karl Weierstrass (1815-1897) and Bernard Bolzano (1781-1848). 
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stated earlier, we reserve the symbols x and y for the real and imaginary parts of z and, r and 6 
for the modulus and argument of z. We therefore need other symbols to represent the parts of 
w. 


Notation convention: 

For a complex number w we will often write its Cartesian and polar forms as w = 
u+iv and w = pe'*. Occasionally, we will also use the Greek letters zeta, xi, and psi (¢, 
£, and y) to represent a complex number, a real number, and an argument, respectively. 


In the first sentence of this section you may have noticed and wondered about the phrase 
“one or more values.” You are likely familiar with the idea that functions should provide exactly 
one output value for each input value. Indeed, this is usually a requirement in the definition of 
functions for real variables (the “vertical line test”). Such functions are called single-valued. For 
example, the function f(z) = z? is single-valued since for any input z = re!® there is exactly 
one output w = r?e!?9. In complex analysis we also consider multivalued functions. These are 
functions that return two or more output values for each input value. We have already seen such 


a function in Section 1.5. For example, the function f(z) = 21/?. 


w= f(z) _ 71/2 _ (re'”)"” _ (ret@+2n0) 1” = r ef Ot2ak)/2 k= 0,1. Qa) 


Thus, for each input value to f(z) = 21/2 


er Si. 

A multivalued function can be considered as a collection of single-valued functions; each 
member is called branch. So in the above example, if 6 is restricted to lie in a specific interval 
of length 27, the function f(z) = z!/? has two branches, one defined by taking k = 0 in (2.1) 
and the other defined by taking k = 1 in (2.1). This notion of multiple branches for a function 
should not be completely new since it is also present for some real-valued functions. For ex- 
ample, the square root function for positive real numbers has two branches: fo(x) = ./x and 
fi(x) = —,/x; and the inverse tangent function has infinitely many branches as we have al- 
ready discussed in Section 1.1.1. Of the branches making up a multivalued function, generally 
one branch is denoted as the principal branch. For the rational power functions, the principal 
branch is defined by using the principal argument of the input value. The principal branch of 
f(zy=2?!4 is 


there are two output values, which differ by a factor 


f(z = \z|?/4 ei Are)p/a 


In the case where z is a positive real number (Arg(z) = 0), then, with this definition, the prin- 
cipal branch is the one that takes the positive qth root of z?. 

A branch of a multivalued function has a line or curve of points where the function is 
discontinuous. This curve is called a branch cut. For example, the principal branch of z?/4 is 
discontinuous along the negative real axis because Arg(z) has a discontinuity jumping from —z 
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to a as the imaginary part of z increases across this curve. In this case the value of f(z) will 
change by a factor of e!?7?/4 as the negative real axis is crossed upwards. Branch cuts are not 
always in the same place. If instead of taking the principal argument of z, for the function z?/%, 
we had selected @ € [69, 99 + 27) for some fixed 6, then the branch cut would be located along 
the ray 9 = 69. We will discuss branches and branch cuts more thoroughly in Section 3.5.2. 

For many functions w = f(z) we may define an inverse function z = f~'(w). One or 
both of f and f—~! may be multivalued. For example, the function f(z) = z? is single-valued but 
is a 2-to-1 function (there are two different inputs, re! 9 andre’@+™) that both map to the same 
output). Hence, it is not surprising that the inverse function f~!(w) = w!/? is a multivalued 
1-to-2 function. As another example the function f(z) = (2? + 1)'/2 is multivalued, as is its 
inverse f~!(w) = (w? — 1)!/2. 


2.2.1 EXERCISES 
2.1. Consider the three branches of the cube root function defined by 


fe) = 2 POROPFOPR, == = Arg) Sn, k= 0,1,2. 


(a) Find the value of f;(—27) for each branch, k = 0, 1, 2. 
(b) Find the value of /,(—8i) for each branch, k = 0, 1, 2. 


(c) If the cube root of z is 4e7'77/9, what is z and what branch (value of k) is being 
used? 


2.2. Consider the principal branch of the square root function, f(z) = \z|1/2 ef Are@)/2 


where —z < Arg(z) < a, and a second branch of the square root function given by 
g(z) = \z|1/2 ei(Arg(z)+27)/2_ 


(a) Show that as z crosses the negative real axis, there is a discontinuous jump in the 
value of f(z). 


(b) Show that as z crosses the negative real axis, the values of f(z) continuously change 
to the values of g(z). 


2.3 LINES AND CIRCLES 


Lines and circles are basic shapes that often form the boundaries of regions of interest in C and 
so it is worthwhile investigating them. 

Equations for lines and circles may be given in several different forms including parametric 
forms, Cartesian forms, and forms using complex conjugate coordinates, which we now define. 
Since z = x +iy and Z = x —iy, we may take these two equations and solve for x and y to 
obtain _ 

Z+Z _ 2-2 
== 


x => 
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J 


normal 


Figure 2.1: Left: The line ax + by = c with normal [a,b] and distance |c| from the origin. 
Right: The circle |z — B| = R and the line it limits to as |B| and R tend to infinity at the same 
rate. 


‘The pair (z,Z) are called complex conjugate coordinates and the above transformations indicate 
how they are related to x and y. 

‘The parametric equation for a line in C is z(t) = zo + Dt, where zo and D are complex 
constants, D # 0, and ¢ is a real parameter. The direction of the line is D, and the line passes 
through the point zp when ¢ = 0. If we write z = x + iy, then the equation for a line in Carte- 
sian form is ax + by =c, where a, b, and ¢ are real constants with the restriction that a and 
b are not both zero. We can assume that /a? + b? = 1 otherwise the equation can be divided 
by this quantity so that this condition is true. Thinking of C as R’, the direction of the line is 


| and the normal to the line is A ‘The point H = io is on the line and, due to the 


conditions on a and J, is a distance |c| from the origin, which is the minimum distance from 
any point on the line to the origin. See Fig. 2.1. The line passes through 0 if and only if c = 0. 
Changing to complex conjugate coordinates we have 


a(2#*) » (=) =, 

2 2i 

a(z+2Z)+ b(-i) (z —Z) = 2c, 
(a—ib)z+ (a+ib)z = 2c. 


Let A = a+ ib be the normal to the line; the assumptions about a and b imply that |A| = 1. 
‘Thus, the general equation in complex conjugate coordinates for a line on C with normal A is 


Az + AZ = 2c, where c € R, AEC, |A| = 1, (2.2) 


and |c| is the minimum distance from the origin to the line. The line will go through 0 if and 
only if c = 0. 

Now let us consider circles in the complex plane. The parametric equation for a circle in 
C centered at B with radius R is z(t) = B + Re'’, where B is a complex constant, R is a real 
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constant, and ¢ is a real parameter that traces out the circle once for each interval of 27 in length. 
For the Cartesian form of the circle, recall that |z — B| is the distance between z and B. Thus, 
circles in C are given by the equation |z — B| = R, where R € R is the radius and B € C is 
the center of the circle. The circle will pass through zero if |B| = R. Now, it is also true that 
|w|* = ww, therefore we may write the equation of the circle as 


(z — B)(z— B) = R?, 
which re-arranges to 
374 Br+ Br==s, where g = |B|*— R? ER. (2.3) 


‘The circle passes through 0 if and only if g = 0. If you compare (2.2) and (2.3) you will see that 
lines and circles have very similar forms in complex conjugate coordinates, the differences being 
the presence of the zZ term in the circle equation, and the fact that B need not have modulus 
one. 
We now make the claim that lines are simply circles with infinite radius and centered at 
infinity. This can be seen by taking the circle Eq. (2.3) and dividing by | B|. This gives 
a ae |B|?— R? 


|B] |Bl |B |B 


Note that B/|B| = e? 4's) and B/|B| = e~!4t8(4), Now define the real number c = |B| — R, 
then |c| is the distance from the origin to the nearest point on the circle. Therefore, 


|B|>—R? _ (Bl—R)(B| +R) ( z) 
= =c{1l+— }. 
|B |B |B| 
We now replace B with (B + tB/|B|) and R with (R + f) fort € R and take the limit of (2.4) 


as ¢ tends to infinity. Then c is a constant and the term in parentheses above approaches 2. 
Thus, (2.4) becomes 


0+ et Aral(B), 4 ei Arel(B)e — I¢, 


Setting A = e 48(8) we see that the above is precisely (2.2), hence it is a line. Figure 2.1 illus- 
trates such a circle and its limiting line. 


2.3.1 ELEMENTARY MAPPINGS OF LINES AND CIRCLES 


In order to help visualize how a function maps a particular region, it is helpful to consider how 
lines and circles are mapped by elementary operations. 

It should be immediately clear that the function w = f(z) = z+ a simply shifts any set, 
including lines and circles, by an amount a in the complex plane. Since this translation does not 
affect the geometry, lines are mapped to lines in the same direction and circles are mapped to 
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circles with the same radius. Similarly, the function w = f(z) = az, which scales all points by 
|a| and rotates them around the origin by Arg(a), maps lines to lines and circles to circles. This 
time, however, the direction of the line is rotated by Arg(a), and the radius of the circle is scaled 
by |a|. The center of the circle is also scaled and rotated. 
Finally, consider what inversion, w = f(z) = 1/z does to lines and circles. A line with 
normal A is the set of points satisfying 


Az + Ag =e, where c € R, 
and a circle with center B and radius R is the set of points satisfying 
zz — Bz — Bz = 8, where g = |B|*— R? ER. 


‘The line passes through 0 ifc = 0 and the circle passes through 0 if g = 0. Applying the mapping 
w = 1/z, or equivalently z = 1/w to these we get 


rm tl 1 = 
A—+A==2c => 2cww — Aw — Aw = 0,7 
w w 
and 
1 —] 1 _ = 
——B8 B—=g => gwwt+ Bw+ Bwu=1. 
ww w w 


In the case of the line, we see that if c = 0 then the result of the transformation is the equation 
of a line that passes through 0, and ifc # 0 then the result of the transformation is the equation 
of a circle with g = 0, that is, a circle that passes through 0. In the case of the circle, if g = 0 
then the transformation results in a line that does not pass through 0, and if g # 0 then the 
result is another circle that does not pass through 0. The table below summarizes these results. 


set S image of S under the function f(z) = 1/z 


line that passes through 0 line that passes through 0 
line that does not pass through 0 _ circle that passes through 0 
circle that passes through 0 line that does not pass through 0 


circle that does not pass through 0 circle that does not pass through 0 


Considering that the inversion operation maps the modulus from |z| to 1/ |z|, it is intuitively 
clear that the inversion of a circle that does not pass through 0 must remain bounded, while the 
inversion of a circle that passes through 0 must be unbounded. Similarly, a line that does not 
pass through 0 must transform to something bounded while if it passes through 0 then it must 
be unbounded. Further, since the line itself tends to infinity, its inversion must pass through 0. 

Using the interpretation that lines are just circles with infinite radius centered at infinity, 
we can say that inversion maps all circles to circles. 
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2.3.2 EXERCISES 


2.3. Sketch the following lines and circles and their images under the given mapping f/f. 
(a) z(t) =14it,t€R, f(z) =iz. 
(b) iz—iF7=2, f(z)= ( 3/34 2i) 2 a4, 
(c) 2@) =—2 = 23 + 4e",0<f<22, f@)==7=2. 


2.4. What is the center and radius of the circle obtained by mapping the line (3 + 41)z + 
(3 — 4i)z = 4 by the inversion f(z) = 1/z? [Hint: Put the line formula in standard 
form first by scaling so that |A| = 1.] 


2.5. What is the distance to the origin and the normal to the line obtained by mapping the 
circle 27 — (2 + 3i)z — (2— 3i)Z = 0 by the inversion f(z) = 1/z? 


2.6. Show that the effect of inversion by f(z) = 1/z on stereographic projection is a re- 
flection across the y = 0 plane and across the z = 0 plane for points on the Riemann 
sphere. That is, if z is stereographically projected to A = (X,Y, Z) on the Riemann 
sphere, then w = 1/z is stereographically projected to B = (X,—Y, —Z). [Hint: Use 
the result of Exercise 1.23.] 


2.7. Recall from Section 1.6 that we had argued that all lines on C and circles centered at the 
origin are stereographically projected to circles on the Riemann sphere. Use the result 
of the previous exercise to argue that circles in C that pass through the origin must also 
stereographically project to circles on the Riemann sphere. (It is also true that circles 
not passing through the origin get stereographically projected to circles on the Riemann 
sphere, but that is harder to show.) 


2.4 VISUALIZING COMPLEX FUNCTIONS 


Let us restrict ourselves to functions f that are single-valued or are a branch of a multivalued 
function. Since f maps a region of C, which requires two real dimensions to draw, and its output 
is also in C, requiring another two dimensions to draw, it is more difficult to visualize the action 
of a complex function than it is to visualize the action of a real function of a single real variable, 
which can be done by a graph in two dimensions. 

One useful way to visualize complex functions is to draw two copies of C, one for the 
region R and one for the image of R under f. Color and curves can be used to help visualize 
which points in R correspond to which points in f(R). Consider the function f(z) = 2iz + 
3 —i and the region R = {z € C : 0 < Re(z) < 3, 0 < Im(z) < 2}. Here points in R are first 
multiplied by 21, which doubles the modulus and rotates by 2/2, and then the constant 3 — i is 
added, which shifts the point 3 units to the right and one unit down. The action of this function 
on R is illustrated in Fig. 2.2a. The color of a point w in the image f(R) is the color of the 
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(a) The region R (left) and its image under / (right) (b) Phaseplot of f 


Figure 2.2: Illustrations of the function w = u+iv = f(z) = 2iz+3 -i. 


preimage z € R that mapped to w, that is, f(z) = w. Thus, for example, the yellow points in 
the upper-left corner of f(R) are the images of the yellow points in the upper-right corner of 
R. The horizontal magenta lines in R are mapped to the corresponding magenta lines in f(R), 
in this case now vertical due to the rotation property of f. Similarly, the green vertical lines in 
R map to green horizontal lines in f(R). 

Another manner of visualizing the action of a complex function is to use a phase plot. 
This method uses a single copy of C. At each point z € C, color is used to designate the phase 
of w = f(z), defined as w/|w| = e'?"8”. The phase is a point on the unit circle, and colors 
are chosen to smoothly flow around this circle as illustrated on the right legend in Fig. 2.2b. 
Contour lines are drawn to show the location of points with constant value of log |w|. Thus, if the 
contour lines are approximately evenly spaced, this indicates that the modulus is behaving in an 
exponential manner. Figure 2.2b shows a phase plot for the same example f(z) = 2iz + 3—i. 
The contour lines are centered at zo = (1 + 3i)/2, since that is the point that f maps to zero. 
‘The contours are concentric circles because the function is linear; all points an equal distance 
from Zo are mapped by f to points with the same modulus, which is seen by 


| f(zo + Z)| = |2i(2o + Zz) +3 —-i| = | f(Zo) + 2iz| = |0 + 2iz| = 2|z|. 


‘The colors in the plot are centered at zo, but are seen to be rotated clockwise by 2/2. For example, 
according to the legend, red corresponds to a zero argument, but in the plot the red points are 
downward from Zo. This is because the function f maps the vertical line through Zo to the real 
axis. 

We shall use these techniques for visualizing complex functions in the next section. 


2.5 SOME ELEMENTARY FUNCTIONS 


Here we list some elementary functions and discuss their properties. 
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(a) The region R (left) and its image under / (right) (b) Phaseplot of f 


Figure 2.3: Illustrations of the function w = u+iv = f(z) = iz?. 


2.5.1 POLYNOMIALS 


Polynomials are functions of the form 


n 
FQ) = age" Fag” es tage tay = Ye’, 
k=0 


where ax € C,0 < k <n, ay F O. The degree of the polynomial, denoted deg /, is n; ifn = 1 
we say the polynomial is /inear. (Although the polynomial is called “linear,” it does not define a 
linear map unless ag = 0; technically it is called an affine mapping.) A linear polynomial scales 
each point z by |a;|, rotates by Arg(a1), and then translates by ag. As noted above, it maps 
lines to lines and circles to circles. An example of a linear polynomial was given in the previous 
section. The next example considers a simple quadratic. 


Example 2.3 Consider the function f(z)=iz* and the region R= 
{7 eC 2 O= Ana@) <x, || < v2. The action of squaring z squares its modulus 
and doubles its angle, thus points in R will result in modulus values between 0 and 2, and 
arguments in the range [0, 27]. Then this result is multiplied by 7, which has the effect of 
rotating the points by 2/2 counter-clockwise. This action is illustrated in Fig. 2.3. As one 
circles the origin in the phase plot of this figure, two copies of all the phase circle colors 
are encountered, due to the fact that the range of arguments [0, 277) will double to [0, 477). 
What do you think a phase plot of f(z) = z? would look like? 


Although the simple example of f(z) = iz? maps circles centered at the origin to circles 
centered at the origin, it does not in general map other circles to circles. For example, the circle 
of radius 1, centered at 1 includes the points 2, 1 + 7, 0, and 1 — i, but these four points map to 
4i, —2, 0, and 2, respectively. Clearly, these four points do not lie on a circle. 
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Figure 2.4: Illustrations of the function w = u+iv = f(z) =z(z—-i)(z@—- 1D). 


‘The next example illustrates a cubic polynomial. 


Example 2.4 Consider the function f(z) = z(z—i)(z—1) and the region R= 
{z eC : 2n/3 < Arg(z) < 72/4, |z| < 0.6}. This function has three zeros, at 0, i, and 1, 
which are immediately evident in the phase plot; Fig. 2.4b. Each of the zeros is not repeated, 
so, unlike in Example 2.3, as one circles one of the zeros, the colors appear only once. In this 
example it is more difficult to obtain information from the image plot; Fig. 2.4a. However, 
it is clear from that plot as well as the phase plot, that points left and downward from the 
origin get spread out in the angular direction and are rotated about 1/2 counter-clockwise. 
‘This is because the factor (z —i)(z — 1) is approximately i for z close to zero. 


2.5.2 RATIONAL FUNCTIONS 


R 
Rational Functions are functions of the form f(z) = el 


, where P and Q are polynomials. 


In general, the degrees of P and Q can be anything, but the case where both are degree at most 
one is an important and well-studied situation. 

If P and Q are linear polynomials or constants, the rational function is called a linear 
fractional transformation, or Mébius transformation.” Such a transformation can be written 


as 
az+b 
oe alerrar (2.5) 
Re-arranging this equation gives 
czwt+dw—az—b=0. (2.6) 


? August Ferdinand Mobius (1790-1868) was a German mathematician working mostly in theoretical astronomy. 
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(a) The region R (left) and its image under / (right) (b) Phaseplot of f 


Figure 2.5: Illustrations of the function w =u +iv = f(z) = 1/z. 


Since this last equation is linear in z and linear in w, this transformation is also called a bilin- 
ear transformation. By direct computation of df/dz, it is easy to show that f is constant if 
ad — bc = 0. Hence one generally assumes that ad — bc 0 for these transformations. A lin- 
ear polynomial transformation (discussed in the previous section) is the special case c = 0, and 
inversion (times a constant) is the special case a = d = 0. 


Example =. 2.5 Consider (@®= - and the region R= 
{zéC : —m < Arg(z) <0, 3/4 < |z| <2}. Since f(re’®) = te 18, we see that this 
function will invert the modulus and negate the argument. Thus, R maps into the region 
bounded by the circles with radius 1/2 and 4/3 and with arguments between 0 and z, as 
illustrated in Fig. 2.5. As one circles the origin in the phase plot of this figure, the color 
ordering is reversed due to the negation of the argument. 


Now consider the general linear fractional transformation (2.5). Setting €=cz+d, 


which implies z = -——, we may write a linear fractional transformation as 
c 


a (a) ur op | b— ad 
4 =e of 

This function is a linear polynomial in the variable 1/¢. Therefore, the action of a linear frac- 
tional transformation is first to apply a linear polynomial (scale, rotate, and translate) producing 
¢, then invert producing 1/¢, then apply another linear polynomial to 1/¢ (scale, rotate, and 
translate) producing the final result. In Section 2.3.1 we showed that circles (including lines, 
which are circles with infinite radius) are mapped to circles by both linear polynomials and by 
inversion. Therefore, since linear fractional transformations are a composition of these two kinds 
of mappings, we conclude that linear fractional transformations also map circles to circles. 


w= f@)= 
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(a) Various lines and circles (left) and (b) Phaseplot of f 
their images under f (right) 


Figure 2.6: Illustrations of the function w = u+iv = f(z) = (z+ 1)/(z—i). 


z+1 
Example2.6 Consider the linear fractional transformation f(z) = ae Various circles 
i 


and lines, and their images under f, are shown in Fig. 2.6a. In every case the image is a 
circle or line. All three of the lines in the preimage map to circles that pass through the 
point w = 1, because as |z| gets large, the value of f(z) approaches 1. Figure 2.6b shows 
the phase plot for this function. ‘The colors are in their positive ordering around the point 
z = —1, which is a zero of the numerator, but are in the negative ordering around z = i, 
which is a zero of the denominator. As one moves far away from the origin, the value of 
f(z) approaches 1, and hence the coloring is approaching red. 


We now claim that it is possible to find a linear fractional transformation that maps any 
given circle to any other given circle. Again here we consider lines as circles with infinite radius. 
From geometry we know that any three points on a circle uniquely defines it (the center is the 
intersection of the perpendicular bisectors of two different chords each joining two of the three 
points). If the three points are colinear then the two bisectors are parallel and the center is 
the point at infinity. Thus, our claim is equivalent to saying that there exists a linear fractional 
transformation that maps any three distinct points 21, Z2, and 23, to any three distinct points 
W1, W2, and w3. This can be achieved by the transformation 


(w= w1)(w2 = w3) _ @ ~21)(Z2 ~ 23) 
(w — w3)(w2 — wW}) (z — 23)(Z2 — 21) 


(2.7) 


Multiplying both sides of the above by the four factors in the denominator yields 


(Zz — 23)(Z2 — 21)(w — wi) (We — w3) = (2 — 21) (Z2 — 23)(w — w3)(w2 — Ww). (2.8) 
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It is now immediately clear that both sides of the above are products of linear polynomials in 
z and w and hence the equation can be simplified to the bilinear form (2.6); thus it is a linear 
fractional transformation. Since the z; are distinct sets of points, none of the differences of 
these points is zero, and similarly for the w;. Consequently, from (2.8) we see that when z = Z; 
the right side is zero and so necessarily w = w,. Similarly, when z = 23, the left side of (2.8) 
is zero implying w = w3. Finally, when z = zz Eq. (2.8) collapses to (w — w1)(w2 — w3) = 
(w — w3)(w2 — wi), whose unique solution is w = wp. Therefore, the transformation (2.7) is 
a linear fractional transformation that maps z; to w;, 1 < j < 3. Since such transformations 
map circles to circles, the circle through the points z; necessarily maps to the circle through the 
points w;. 


Example 2.7 _ Find the linear fractional transformation that maps the points z; = 1, z2 = 
0, and z3 =i to the points w; = 0, wz = —1, and w3 = —i, respectively. 
Substituting these values into (2.8) and simplifying gives 


z—1 


Tie Sf a wee peed aa, 
See a Pa (aes 


A linear fractional transformation w = f(z) given by (2.5) with ad — bc # 0 is defined 
for every complex number except z = —d/c if c # 0. Further, solving (2.5) for z gives 


—-dw+b 
ZS = 
cw—a 


(2.9) 
Therefore, a preimage z exists for every point w € C except the point w = a/c if c £ 0. It is 
possible to make this transformation one-to-one by expanding its domain and range to the 


extended complex plane. Assuming ad — bc 0, define 


0° ifz = —d/c, 


ree! 
ife=0: f(z)= rae “edd: fU=ts fees, C10) 
ary «if z #00; ou : 
cone azth otherwise. 


That this extension of f is continuous is left as an exercise. Since this extended function is 
one-to-one, it is invertible, and from (2.9) we see that the inverse is also a linear fractional 
transformation: 


rae oO ifw =a/c, 
ifc = 0: 0) = | eas ne ife #0: f l(w)= mc if w = ov, 
cw=a tt WF 00% =dw+b otherwise. 


cw—-a 
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Figure 2.7: Illustrations of the function w = u +iv = f(z) = z?/ (principal branch). 


2.5.3 RATIONAL POWERS 


As discussed in Section 1.5, for a rational number p/q such that p and qg share no common 
factors, the rational function f(z) = z?/4 is multivalued with q branches given by 


f(2= zP/d — Pld gi(O+2nk)p/q 0<k <q, 


where z = re’, and @ is in some interval of length 27. The principal branch is the one with 
6 = Arg(z) andk = 0. 


Example 2.8 Consider the principal branch of f(z) = z?/3 and the region R = 
{z €C : |z| < 1}. This function is illustrated in Fig. 2.7. The image of R only includes 
arguments from —27/3 to 27/3. This is also visible in the phase plot since the colors jump 
from green to dark blue across the negative real axis. The negative real axis can thus be seen 
to be a line of discontinuity for this function. 


2.5.4 THEEXPONENTIAL 


‘The exponential function was introduced in Section 1.2. Since e? = e*t'” = e* e’”, horizontal 
lines (where y is constant) map to a ray from the origin at angle y. Similarly, vertical lines (where 
x is constant) map to circles of radius e* centered at the origin. Further, each 27 interval for y 
will constitute another traversal of the circle. This is the 277i periodic nature of the exponential 
function. 


Example 2.9 Consider (@Q)=e and the region Re 
{zeC : -1<Re(z) <2, 0<Imz <2z}. This region and its image under f(z) 
are shown in Fig. 2.8a. From this it is clearly seen how the horizontal lines map to rays and 
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Figure 2.8: Illustrations of the function w =u+iv = f(z) =e’. 


the vertical lines to circles. The phase plot in Fig. 2.8b shows the 27i periodic nature of 
the exponential function. Further, the regularly spaced vertical contour lines indicate that 
the modulus is increasing exponentially with x, as expected. 


2.5.5 TRIGONOMETRIC FUNCTIONS 


‘The trigonometric functions are defined in terms of the exponential: 


el 4 eo lz elZ — e iz sin Zz 
coszZ = 7 sinzZ = — a tanz = ; 
; i ’ — (2.11) 
secz = : csc Z = — , cot Zz = , 
COS Z sin Z tan Z 


Note the factor i in the denominator of the definition for sin, and that it is not in the denomi- 
nator of the definition for cos. Properties of the real trigonometric functions also hold for these 
complex extensions. For example, the Pythagorean identity still holds: 


; ‘ el? = eZ 2 el? 4 el 2 
sin* z + cos* z = | —————— ——_—_—_ 
in* z+ ( F ) + ( 5 ) | | | 
ef 2z =e e122 ei 22 +24 e122 
—4 4 i 


From this it follows that tan? z + 1 = sec? z and 1 + cot? z = csc? z. It is also true that sin(z) 
is an odd function and cos(z) is an even function, that is 


sin(—z) = —sin(z), cos(—Zz) = cos(z). 
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From this it follows that tan(z) and csc(z) are odd and sec(z) is even. The usual sum and dif- 
ference of angles formulas also hold. For example, 


eiZ1 — eWi21 ei22 ae e172 
(“a )(a—) 
e!71 + e771 e!72 _ e722 
2 2i 


i271 eiz2 = e121 e—iz2 ei (1 +22) _ et (@1 +22) 
21 21 
= sin(Z; + Z2). 


sin(Z;) cos(Z2) + cos(Z;) sin(z2) 


‘The other sum and difference angle formulas also hold. 


Example 2.10 Consider the function f(z) = sinz. Figure 2.9a shows the region R = 
{z eC : —a < Re(z) < a, 0.2 < Im(z) < 2} and its image under f, while a phase plot 
of f is shown in Fig. 2.9b. The top boundary of the region R is mapped to the outer, 
roughly circular, boundary of f(R). The two vertical boundaries of R are both mapped to 
the segment on the negative imaginary axis in f(R). The bottom boundary of R is mapped 
to the inner, roughly elliptical, boundary of f(R). If the region R were extended down to 
the real axis, then this inner boundary of f(R) would collapse to the segment of the real axis 
between —1 and 1. In the phase plot, Fig. 2.9b, we see that the contour lines are roughly 
circular and the colors do one full circuit around z = kz, k € Z, reflecting the fact that 
sin z is approximately z —kz near kw. As one moves away from these points along the 
real axis, the modulus hits a maximum of 1 and then decreases back to zero by time the 
next zero is reached. In contrast, as one moves away from z = kz in the vertical direction, 
the modulus continues to increase since either e!? or e~'? will have a large real component 
when z = kx +iy and |y| is large. The real axis is always colored either red or light blue, 
indicating that the argument of sin z is always 0 or 2 when z is real. The 27-periodic nature 
of sin z is evident from the colors in the phase plot since a horizontal shift of 27 gives the 
same image. 


2.5.6 HYPERBOLIC FUNCTIONS 


‘The hyperbolic functions are also defined in terms of the exponential function: 


Zz 4 Z__ p-Z sinh z 
cosh z = ee sinh z = <3: tanh z = — : 
; ; es Zz (2.12) 
sech z = ——— eschz = cothz = 


cosh z’ sinh z’ tanh z 
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Figure 2.9: Illustrations of the function w =u +iv = f(z) =sinz. 


Unlike for sin, there is no i in the denominator of the definition for sinh. Properties of the 
hyperbolic functions include 


cosh? z —sinh?z = 1 1—tanh?z =sech?z, sinh(—z) = —sinh(z), cosh(—z) = cosh(z). 
Finally, the relationship between the hyperbolic functions and the trigonometric functions are: 
sin(iz) =isinh(z), sinh(iz) =isin(z),  cos(iz) =cosh(z), —cosh(iz) = cos(z). 


Establishing these relationships is left as an exercise. 


2.5.7 THELOGARITHMIC FUNCTION 


The logarithmic function is very important. Since it is the inverse function of the exponential, 
and since the exponential function is 277i periodic, we expect the logarithmic function will be 
multivalued with values differing by 277i on each branch. Let z = re’® and let logz = u + iv, 
where u and v are real. As the inverse of the exponential, we require the logarithmic function to 
satisfy e!°8? = z. This means 
re? =7z= el0sZ = eutiv — pi iv 

Therefore, r = e”, that is, u = Inr, (r > O and wu are real), and v = 6 + 2k, k € Z. Thus, the 
definition of the complex logarithmic function for nonzero z is 


logz = Inr +i(@ + 27k), r>0,k eZ, 
= In|z| +7 arg(z), z#0. 


Here we use the notation Inr for the real logarithmic function, defined as the inverse of the real 
exponential function. As in the real case, the notations In and log can be used interchangeably 
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for the complex logarithmic function, and most texts do exactly that. In this text, however, to 
help emphasize the multivalued nature of the complex logarithm, we shall restrict the use of In 
to the case where we are talking about the real logarithmic function, and we shall only use the 
notation log when we are talking about the complex logarithmic function. 

Because the values of the logarithmic function differ by multiples of 277, and since the 


log z 


exponential function is 27i-periodic, it follows that e'°*7 evaluates to a single value, namely z. 


However, in the other direction we have 


log(e”) = log(e*t’”) = log(e* e’”) = Ine* + i(y + 2k), k eZ, 
=xt+iy+i2nk =z + i2mk. (2.13) 


‘This means that if you exponentiate a number z, and then take the logarithm, ome of the solutions 
you get back will be z, but you will also get other solutions differing by multiples of 277. 
A branch of the multivalued logarithmic function can be defined by restricting arg(z) to lie 
in any particular interval of length 27, for example, 0 < arg(z) < 27, or—m/2 < arg(z) < 37/2. 
‘The principal branch of the logarithmic function, denoted Log, is defined using the principal 
argument via 
Log z = In|z| +7 Arg(z). 


‘Thus, the imaginary part of Log z will lie in the interval (—z, ]. The principal value of log z is 
the value obtained from the principal branch. 

The logarithmic function maps circles of radius r centered at 0 to vertical lines with x- 
coordinate equal to Inr, and it maps rays from the origin with angle @ from the positive real 
axis to horizontal lines with y-coordinate equal to 6 + 27k. 

The complex logarithm satisfies the familiar properties: 


log(z1 + Z2) = log z1 + log za, log (2) = log z; — log Zz. 
22 
‘These can be proved from the definition without much difficulty. 


Example 2.11 Figure 2.10 illustrates the effect of mapping the region R= 
{zeC : 0.1 < |z| <4, —52/6 < Arg(z) < 52/6} by the function f(z) = Logz. As ex- 
pected, rays are mapped to horizontal lines and circles to vertical lines, the opposite of the 
exponential function. The upper boundary of f(R) is the image of the ray 0 = 57/6 in R 
since the imaginary part of Log z is its principal argument. In the phase plot of Fig. 2.10b, 
note that the colors on the left half of the phase circle (greens and blues) only appear in the 
region |z| < 1, since the real part of Logz is In|z| and this is only negative when |z| < 1. 
The discontinuity for Log z across the negative real axis is also clear in this figure by the 
color jump from yellow to magenta. 
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w/ |r| 


© 


(a) The region R (left) and its image under / (right) (b) Phaseplot of f 


Figure 2.10: Illustrations of the function w = u+iv = f(z) = Logz. 


2.5.8 COMPLEX POWERS 
For z,a € C, z € 0, complex powers are defined as 


et = et los Zz. 


Since log is multivalued, complex powers are also multivalued. The principal value is the one 
associated with the principal branch of the logarithm. The familiar property In x* = aln x for 
the real logarithm is slightly modified in the complex case to 


logz* = alogz + i2zk, k eZ. (2.14) 
This follows from the definition of z* and from (2.13) since 
log z* = log(e*!°87) = wlogz + i2mk. 


Using this definition of a complex power, we may also obtain formulas for logarithmic 
functions with bases other than e. For a € C, a # 0, we define w = log, z by requiring that 
oP = 2, "Them 


log z 

z=a¥ =eVlse —» logz=wloga, => es : 

loga 

that is, 
1 log z 
Ofy Z = : 
Sa log a 
Example 2.12 Consider wethc sefunctionemy i(2)i— 2) el 10S ace tele) Ani zl) 


Figure 2.11a illustrates the effect of this function on the region R= 
{zE€C :1<|z| < 22, —m < Arg(z) < 117/12}. If Arg(z) is constant, then the modulus 
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(a) The region R (left) and its image under / (right) (b) Phaseplot of f 


Figure 2.11: Illustrations of the function w = u +iv = f(z) =2z!. 


of f(z) is constant. Therefore, rays map to circles. The ray 6 = —m maps to the large 
circle with radius e* ~ 23; the ray 6 = 11m/12 maps to the small circle with radius 
e 117/12 ~ 0.06. Similarly, circles map to rays because if |z| is constant then the argument 
of f(z) is constant. In particular, the circle with radius 1 (inner boundary of R) maps to 
a ray with argument In 1 = 0, which is the positive real axis, and the circle of radius 22 
maps to a ray with argument In 22 ~ 0.987. The phase plot in Fig. 2.11b has contour lines 
that are rays from the origin, again indicating that the modulus of f(z) is constant along 
rays. Although the color is continuous across the negative real axis, indicating that the 
argument is continuous, the modulus of f(z) is discontinuous across this ray, since | f(z)| 
jumps from a value of e” to e~” as z moves downward across it. (‘The thick black line in 
the plot along the negative real axis is a numerical artifact due to this discontinuity in the 
modulus; every contour line tries to go along it.) 


2.5.9 INVERSE TRIGONOMETRIC FUNCTIONS 


‘The inverse trigonometric functions are all defined in terms of the logarithmic function: 


arcsinz = —i log (iz +(1- z2)1/2) : arccos Zz = —i log (2 +id— a tag) ; 
i i+z 1+i(z2 — 1)? 
arctanz = ~log|{ - F arcsec Z = —i log : 
2 4 Zz 
; 2_4] 1/2 . > 
arccsc Z = —i log (' + ) ; arccot Z = in log (; -) : 
Zz 2 zt+i 


Each of these expressions is derived in a similar manner; we shall do the first: 


w=aresinz => z=sinw = 2iz=e™—e lM => 07! _djzeiM 1 =0, 
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Figure 2.12: The real sine function has two infinite sequences of points that are solutions of 
sin x = A for |A| < 1. In each sequence, the points differ by multiples of 27. 


This last equation is a quadratic equation for the variable e'”, therefore 


e = iz + (Gz)? +1)? => w= vlog (iz + -22)"”), 

Note that arcsin z is multivalued for two reasons: the square root gives two values and then the 
log function provides and infinite sequence of values for each of these. Even in the real case 
this is exactly what one would expect as shown in Fig. 2.12. For a fixed value A, the line y = A 
intersects y = sin x in two places in any interval of length 27; this corresponds to the two values 
from the square root function. Then, because sin x is 27-periodic, every multiple of 27 added to 
one of these solutions will also be a solution. These are the infinite number of values generated 
by the logarithmic function. 

‘The inverse trigonometric functions also satisfy 


1 1 1 
arccsc Z = arcsin (- ; arcsec Z = arccos { — }, arccot Z = arctan { — }. 
Z Z Z 


2.5.10 INVERSE HYPERBOLIC FUNCTIONS 


‘The inverse hyperbolic functions are also defined in terms of the logarithm: 


arcsinh z = log (2 ig? as 1") , arecoshz = log (2 (2 = pe) 


1 1 14+(1—22)1/2 
arctanhz = 5 log ( i **) ; arcsech z = log (ae=") ' (2.15) 
1 2 1 1/2 1 
arceschz = log (Ha) , arccothz = 5108 & = 7) 
2 - 


‘These expressions are developed similar to how arcsin was developed above. 


2.5.11 EXERCISES 
2.8. Sketch the image of the given set under the given mapping f(z). 
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2.9. 


2.10. 


2.11. 


2.12. 


2.13. 


2.14. 


215i 


2.16. 


(a) |z| < 2,0 <argz < 0/4; f(z) = 2* — 2i. 
(b) z=—1+1ti,t ER; f(z) =27+3z+6-i. 


Show that the transformation on the extended complex plane defined by (2.10) is con- 
tinuous. 


Show that all linear fractional transformations that map the upper half-plane y > 0 to 
the open disk |w| < 0, and map the boundary y = 0 to the boundary |w| = 1 can be 


written in the form 
ia Z—ZO 


w=e —, 
Z— Zo 

where a € R and Im Zp > 0. [Hint: Start by determining the conditions on the trans- 
formation that must be imposed so that z = 0, z = 1 and z = oo map to points with 
unit modulus. | 


Using Euler’s formula, show that ifz = x + i0 in the definition for sin z given by (2.11), 
then the expression collapses to sin x as expected. 


Establish the following identities using the definitions of the trigonometric and hyper- 
bolic functions in terms of the exponential function, and z = x + iy. 


(a) cos(iz) = coshz, (b) sin(iz) = i sinh z, 
(c) cosh? z — sinh? z = 1, (d) sinz = sinx cosh y +i cosx sinh y. 
Show that 


(a) cos(i Z) = cos(iz) for all z; 


(b) sin(i Z) = sin(iz) if and only if z =nzi,n e€ Z. 


From the definition of the logarithmic function, establish the following. 
(a) log(z1 - z2) = log z; + log z2, (b) log (2) = log z; — log Zo. 
2 


Show that the function f(z)=sinz maps the semi-infinite strip R= 
{zeC : |x| < %, y>0} into the upper half-plane. To which points to the 
boundaries of R map? To which points does the positive imaginary axis map? 


Let R be the half disk, radius 4 centered at the origin and located in the right half- 
plane. For each of the following functions f, sketch the image of R under the mapping 
defined by f. 


(a) f(z) = 2? 
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(b) principal branch of f(z) = z'/2 (branch cut on the negative real axis) 


(c) the branch of f(z) = z!/? with f(1) = 1 and 0 < arg(z) < 2m, (branch cut on the 
positive real axis) 


(d) f(z) = Log(z) (the principal branch of the logarithm) 


2.17. Let log be the branch of the logarithmic function defined by log z = In |z| + i arg(z) 
where 0 < arg(z) < 27. Compute the following. 


(a) log(-1), (b) log(—ei), (c) log(1 — i). 


2.18. Let n be an integer. 


(a) Using de Moivre’s theorem, prove that 
log (z”) = nlog(z) (2.16) 


if and only ifn = +1. That is, the set of values given by the multivalued function 
on the left is the same as the set of values given by the function on the right only 
in the casesn = +1. 


(b) In the case |n| 4 1, how are the two sides of (2.16) related? That is, is one set 
contained in the other or do both sets contain elements not in the other? 


(c) Consider (2.16) but replace log with Log on both sides. Under what situations does 
this new equation hold? 


2.19. Find the principal value of the following expressions. 
; l+xi Si 
(a) 1% (b) (1-iv3) () (3 +iv3) 


2.20. Let z bea real number x in the definition for arctan z given in Section 2.5.9. Show that 
the expression collapses to all the values of the multivalued real arctangent function. 
[Hint: Write (i + x)/(i — x) as (1 — ix)/(1 + ix) and define pe!® as the polar form of 
1+ix with -z <@¢<1z.] 


2.21. Find all roots of the given equation. 


(a) sinhz = 0 (b) cosh z = 0 (c) tanhz =i 


(d) cosz =2 (e) sinz = cosh4 (f) cot z = — 


2.22. Develop the expression for w = arcsinh z given in (2.15). 


51 


CHAPTER 3 


Differentiation 


3.1 THE DERIVATIVE 


The definition of the derivative of a function f of a complex variable is analogous to the real 
case. 


Definition 3.1 Derivative. Ifa single-valued function f is defined on a neighborhood 
of z € C, then the derivative of f at z is 


-. J@+AzZ)—f) 
ee 

eee Az 
provided the limit exists. If it does, we say f is differentiable at z. 


‘The key feature about the above definition is that the limit must exist 0 matter how Az 
approaches zero. This is why the definition insists that f be defined in a neighborhood of z. The 
fact that the limit must be the same regardless from which direction Az approaches zero has 
strong implications, which we shall see. 

Higher-order derivatives are denoted f”, f’” or f™, for the second, third, and nth 
derivative, respectively. As with real functions the other standard way of denoting derivatives 
is 

df a*f a? Ff d" f 
ra 5 acer and : 
dz dz? dz3 ag” 

Since the definition is essentially the same as for the real case, all of the differentiation 
rules based on this limit definition, of which you are familiar, still hold. 


Example 3.2. From the definition, compute the derivative of f(z) = z” forn € Z. 


_ (45h AA 
i = ] hee ae oe 
ay r Az 
OY ete )eIAZ + (et 2a? 4 (Jeet! + (zt —2" 
Az—>0 ING 
= Jim) fae — (;) eras Bee ea aiNe ee as =nz"!}, 
> 
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Other differentiation rules based on this limit definition that are still valid include: 
(te) =f re. (cf) = cf", (fg) = f'gs t+ fe’, 
f\ _ f'g—fe' 
(4) -525*, pew = Fe. 
§ & 
where f and g are differentiable functions, and c is a constant. Using the series representation 
of e?, the fact that e7+47 = e7e47, and the definition of the derivative, it is also easy to show 


that (e7)’ = e”. Then, using the definitions of the trigonometric and hyperbolic functions it is 
not difficult to establish the following derivatives: 


r . 2 
—sinZ = cosz —cosz = —sinz — tanz = sec’ Zz 
dz , dz , dz , 
d d d 
— sinh z = coshz, — coshz = sinhz, —tanhz = sech? z. 
dz dz dz 


Finally, the rule for the derivative of an inverse is also the same as the real case. Let w = f(z) 
and suppose both f and its inverse are differentiable. Then z = f~!(w), where here we assume 
the inverse is a single-valued function (if the inverse is multivalued, then take any one branch of 
that function). If we differentiate both sides of this equation with respect to z we get 


d dw d 1 
1 => — —1 ._— a = => ZW: 
i OG Sah =F 
dz 
Since any one branch of log w is the inverse of w = e7, if follows from the above that 


d | 1 
—logw = —. 
dw : Ww 


L’Hopital’s rule also continues to hold for complex functions, that is, if f and g are dif- 
ferentiable and if in the limit as z > zg the ratio f(z)/g(z) is one of the indeterminate forms 
0/0 or co/oo, then 

f)_ 5 £'@ 
1m 


z>zo g(z) ~ pen g'(z) : 


Up to this point it appears that complex derivatives are pretty much the same as real 
derivatives. But consider now the function f(z) = |z|? = x? + y? = 27. This function looks 
very well behaved. Its real part is a nice smooth function of x and y (the partial derivatives with 
respect to x and y exist and are continuous everywhere) and its imaginary part is always the 
constant zero. If we restrict ourselves to the real line, the function is just f = x?, which is a real 
differentiable function. However, is the complex function differentiable by the above definition? 
f(z + Az)— f(z) (¢+Az\Z+Az)-zF (: _ =} 

= lim = lim {7+ Az ; 


L= lim lin 
Az—>0 Az Az—>0 Az Az—>0 


3.2. GEOMETRIC INTERPRETATION OF THE DERIVATIVE 53 


Now, for any number w = pe! we have 


e? _j 
= p % =e i2¢ 
pe 


els 


’ 


therefore 
E> len (z + Az+ a) ; 
Az>0 

But since Az may approach 0 in any direction, the value of e~!?*"8(47) may be any value on the 
unit circle. Since this factor is multiplied by z, if z = 0 we conclude that L = Z, but if z 4 0, 
then the limit L does not exist. We conclude that f(z) = |z|? is differentiable at z = 0 but 
not anywhere else in the complex plane. Here we see a manifestation of the strong requirement 
that the limit in the definition of the derivative must be the same value regardless of how Az 
approaches zero. To be differentiable, it is clearly not enough for a function's real and imaginary 
parts to be smooth functions of x and y. 


3.1.1 EXERCISES 
3.1. (a) Use the definition of the derivative, the series definition of e7, and the fact that 
ett — e%e° for any a,b € C to prove that der = @7, 


(b) Verify the following derivatives by first replacing the function to be differentiated 
by its definition in terms of the exponential function and then using the result of 


(a). 


a3 en dt 
() SS c0s2, Gi) SF = sinhz, Ga) 
Z Zz 


3.2. From the definition of the derivative, show that the function f(z) = Re(z) is not dif- 
ferentiable anywhere. 


3.3. Show that on any particular branch of arcsin and arctan 


d arcsin Z 1 d arctan Z 1 


(a) dz (1 —22)'/2’ (b) dz ~ [422° 


3.22 GEOMETRIC INTERPRETATION OF THE 
DERIVATIVE 


Recall that for a real function f(x), the real derivative of f at x9 is the slope of the tangent line 
at that point. The tangent line is the best linear approximation to the function at xo. Indeed, for 
x near Xo, the first two terms of a Taylor series gives the approximation 


f(x) = f(xo) + f' (x0) (% — Xo), 
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J 
S(%o) +f (Zo) — %o) Fo) 2 
= Zy1 
0 x 
Flo) + f (Zoe — %o) 


Figure 3.1: The derivative of f(z) = 2 at Zo both scales and rotates deviations from Zp. 


where the right-hand side is an expression for the tangent line. The factor (x — xo) is the devi- 
ation away from xo. One way of interpreting the derivative of f at x9 is to realize that it is the 
factor by which one must multiply the deviation from xo to obtain the (approximate) change in 
the value of the function f. Thus, for example, if f’(xo) is a large negative number, then a small 
positive deviation from Xo will result in a large decrease in the function value. This same inter- 
pretation applies in the complex case. For a complex function f(z) we have the approximation 


f(z) © f (Zo) + f'(Z0)(z — 20), 


and f’(zo) is the factor that is multiplied by the deviation away from Zp to obtain the approxi- 
mate change in the function value. The difference between the complex case and the real case is 
that now the value of f’ is a complex number and, most importantly, multiplication both scales 
and rotates the deviation. Thus, if f’(zo) = pe’? then a deviation (z — Zo) will be scaled by p 
and rotated by ¢ to give the approximate change in the function value. For this reason, in his 
text Needham [1997], calls the derivative an “amplitwist.” 


Example 3.3 Illustrate how small deviations in x and y from zo = /2e!*/° will affect 
f@ = qZ- 

The derivative of f is f’(z) = 424,80 f (zo) = 2/2 gidz/s and f’(zo) = 2e!27/3. Fig- 
ure 3.1 illustrates the situation. A small deviation to the right from Zo to z, will result in 
a change in f whose modulus is 2 times larger and whose direction is rotated by 27/3. 
Similarly, a small deviation upward from Zo to Zz will cause a change in f whose modu- 
lus is 2 times larger than the deviation in z, and the change in f will be in the direction 
2n/3+ 12/2 = 7r/6. 
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3.2.1 EXERCISES 


3.4. Consider the mapping f(z) = e'?? and the point zo = (a — 4i)/8. Compute and plot 
f (Zo) and f'(zo). Let 5 be a small positive number. If zo is shifted by 6 in the positive 
x-direction, approximately how will f(zo) change? Indicate the approximate location 
of f(zo + 5) on your plot. Do the same if Zo is shifted by 6 in the positive y-direction. 


3.5. Suppose f has a derivative at zo. Ifa small deviation Az, is added to Zp then f (zo) will 
change by an amount wj, approximated by w; ~ f’(zo)Az,. Now consider a different 
small deviation Az» that is added to zo and the associated change in f denoted by wp. 
Give an argument as to why the angle between w, and wz is the same as that between 
Az, and Azo. 


3.33 THE CAUCHY-RIEMANN EQUATIONS 


In this section we will establish some necessary conditions for a function to be differentiable; 
these are called the Cauchy-Riemann equations. | Let z = x + iy and write the function f as 
f(z) = u(x, y) + iv(z, y), where u and v are real-valued functions defined on R?. Then, using 
the definition of the derivative of f we have 


f(z + Az) — f(Z) 
Az 
_ - u(x + Ax,y + Ay) + iv@ + Ax, y + Ay) — u@, y) — fu, y) 
(Ax,Ay)—(0,0) Ax +iAy 


/ = li 
eae er 


(a1) 


Now suppose we choose to allow Az to approach 0 along the real axis, that is Ay = 0 and 
Az = Ax. Then (3.1) becomes 


u(x + Ax, y) +iv(x + Ax, y) — u(x, y) —iv(x, y) 


/ = li 
PO= io ne 
_ u(x + Ax, y)—u(x,y) +i [v(x + Ax, y)— v(x, y)] . 
a eee Ax =Uux(xX,y)+ ivy(x,y), 


: : a : du ; 
where the subscripts on u and v denote partial derivatives, that is u, = —, etc. Now, since 


by definition, the limit only exists if it is the same value regardless of the manner in which 
Az approaches zero, we need to obtain the same value if we allow Az to approach 0 along the 
imaginary axis, that is, Ax = 0 and Az = iAy. Note the factor of i here; it is important. In this 


TAugustin-Louis Cauchy (1789-1857) was a French mathematician of many accomplishments including being the pri- 
mary founder of complex analysis. 
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case, (3.1) becomes 


mm Ey + Ay) — ule, y) + 7 Loe, y + Ay) — 0, yD] 


/ = li 
: (2) io iAy 
ai v(x, y + Ay) — v(x, y) —i [u(x, y + Ay) — u(x, y)] 
= Jim = vy(x, y) —iuy(x, y). 
y>0 Ay 


Comparing these two different ways of allowing Az to approach zero we conclude that if the 
derivative exists, it is necessary that ux = vy anduy = —vx. These are the Cauchy—Riemann equa- 
tions, or just the “CR equations” for short. We have thus proved the following theorem. 


Theorem 3.4 The Cauchy—Riemann (CR) Equations. Let z = z + iy and let f(z) = 
u(x, y) +iv(x, y) where u and v are real-valued functions on R?. For f to be differentiable it 
is necessary that 

ns and = Uy = —Vx. CY) 


The other thing we can conclude is that if the derivative exists then both ux + ivy and vy —iuy 
are valid expressions for f’. Let us return to the example of f(z) = |z|?. In this case we have 
u(x, y) = x? + y? and v(x, y) = 0. It follows that 


Uy = 2x, Uy = 2y, v= 0, vy = 0. 
Clearly the only location at which the CR equations hold is at (x, y) = (0,0). 
Example 3.5 Determine where the function f(z) = x? — 6y + i2xy satisfies the CR 


equations. 
We have u = x? — 6y and v = 2xy; thus 


Vie 53 Os Ue = Dy, Dy, = De. 


It is easy to see that uy = vy everywhere, but for vu = —v, to be satisfied we require y = 3. 
Therefore the only places where f might be differentiable is along the line y = 3 in the 
complex plane. 


Example 3.6 Show that the function f(z) = x? + x — y? + i(2xy + y) satisfies the CR 
equations everywhere. 
We havew— 2 oa — y- andy — 2y + so 


Ux =2x+1, Uy = —2y, Dep = Zp, vy = 2x +1. 


Clearly the CR equations hold for all x, y. 
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Figure 3.2: The domain of the function in Example 3.7. 


Is conjugation a differentiable function? Let f(z) = 7 = x —iy. This means u(x, y) = x 
and v(x, y) = —y, therefore 


uy = 1, uy = 0, Ux = 0, Vy ==], 


The CR equation uy = —v, is clearly satisfied but the equation ux = vy is not satisfied. We 
conclude that f is not differentiable anywhere, therefore conjugation is not a differentiable op- 
eration. 

We emphasize that the CR equations are only a necessary condition for differentiability. 
Just because the CR equations hold at some point does not imply that the function is differen- 
tiable there, as illustrated in the next example. 


Example 3.7 Consider the function 


fl) —2 i = Are(2) |= 3 of _ < |Arg(z)| < Sz annGleae—n Os 
z)= 


Es otherwise. 


In the interior of the blue colored region in Fig. 3.2, we have f(z) = zsou = xandv=y. 
Hence ux = 1, uy = 0, vy = 0, and vy = 1 and the CR equations hold. Similarly, in the 
interior of the green colored region we have f(z) = —z and the CR equations hold. At 
the boundaries between the two regions the CR equations do not even make sense because 
the partial derivatives of u and v do not exist since f is discontinuous. However, at the 
origin the partial derivatives of u and v do exist since f is defined to be z at the origin 
and along both the real and imaginary axes. Further, the CR equations hold at the origin. 
Nonetheless, the function cannot be differentiable at the origin because as Az approaches 
0 along the real axis the limit is 1 while it is —1 if Az approaches 0 along the ray 6 = 1/4. 
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3.3.1 SUFFICIENT CONDITIONS FOR DIFFERENTIABILITY 


In order to establish a set of sufficient conditions for differentiability we simply need to impose 
continuity of the partial derivatives of u and v along with the CR equations. 


Theorem 3.8 Sufficient Conditions for Differentiability. Let f(z) = u(x,y)+ 
iv(x, y) be defined in a neighborhood Ns(Zo) of 20 = Xo + iyo. If the first partial derivatives of 
u and v exist and are continuous in N3(Zo) and if they satisfy the CR equations at (Xo, yo), then 
Sf is differentiable at Zo. 


Proof. To prove the theorem we need to show that the limit 


i Ff (Zo + Az) — f (Zo) 
1m 
Az—>0 AZ 


exists. First recall that ifa real function g is continuous at x, that is if lim g(x +h) = g(x), we 
may write 
g(x +th)=e(x)+e where « > Oash — 0. (3.3) 


In particular, if p is a real continuously differentiable function at x, then we have 


OF Gy tig PE EO) BO) 
dx h->0 h 
is equivalent to 
d 
px +h) = px) = (Zo + <) it (3.4) 


where ¢€ > Oash > 0. 
Let w = f(z) and define Aw = f(zo + Az) — f(zo). Assume that Az is sufficiently 
small so that zo + Az is in the neighborhood N (zo). Then 


Aw = u(xo + Ax, yo + Ay) + iv(xo + Ax, yo + Ay) — u(X0, Yo) — iv(Xo, yo). 


Adding and subtracting some like terms and applying the result (3.4), which is valid since u and 
v have continuous partial derivatives in Ns (Zo), we have 


Aw = u(xo + Ax, yo + Ay) — u(Xo, Yo + Ay) + u(Xo, Yo + Ay) — u(Xo, Yo) 
+ i [v(xo + Ax, yo + Ay) — v(X0, Yo + Ay) + v(X0, Vo + Ay) — v(X0, yo)] 


du ou 
= | — (0, yo + Ay) + 1 | Ax + | —(Xo, Yo) + €2 | Ay 
Ox dy 


0 0 
+i (> (Xo. Yo + Ay) + a) Ax + (> (xo, Yo) + «) Ay}, 
Ox oy 
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where €; — 0 as (Ax, Ay) > (0,0), 1 < j < 4. Now using the fact that vu, and v, are contin- 
uous at (x9, Yo), we may use the result (3.3) to write 


0 0 
Aw = (> (xo, Yo) + €5 + a) ae a (> (xo, Yo) + a) Ay 
Ox oy 


0 0 
+i (je yo) t€6+ a) Ax+ (F G0.) + a) ay| , 
Ox oy 


where €5 and €¢ also vanish as Ay goes to zero. Finally, using the fact that the CR equations 
hold at (xo, yo) we can replace uy and vy in the above and collect to get 


ou Ov 
Aw = [ =—(Xo, Yo) + iz— (0: yo) 
Ox Ox 
(Ax +iAy) + (€y + é5 tie3 + ieg) Ax + (€2 +ie4) Ay. 


Dividing this by Az = Ax + i Ay and taking the limit as Az — 0, that is, (Ax, Ay) — (0,0), 


we have 
Aw 0 


tie) — te, Aw _ ou ov 
Ff (Zo) = ol ia (xo. Yo) he (xo, Yo); 


where we have used the fact that each €; tends to zero as Ax and Ay tend to zero. Since ux and 
vx are defined at (xo, yo) we have shown that the limit exists. O 


Consider again the function in Example 3.5. In this example the CR equations held at 
all points with y = 3. Further, the partial derivatives of u and v in that example were clearly 
continuous everywhere. Hence, we conclude that the function is differentiable at all points on 
the line y = 3. 


3.3.2 OTHER FORMS OF THE CAUCHY-RIEMANN EQUATIONS 


In this section we re-write the Cauchy—Riemann equations in terms of complex conjugate co- 
ordinates, and in terms of polar coordinates. 
Recall from Section 2.3 that we may use the complex conjugate coordinates 


z=xt+iy and Z=x-—iy. (3.5) 


Assuming /f is differentiable, from the previous section we have two equivalent expressions for 
the derivative: 

f' =Uuy tiv, and f' = vy —iuy. 
Considering now f, u, and v as functions of z and Z rather than x and y, we may use chain rule 
to write these expressions for f’ as 


fiz Ne 5 08 2 cs dv dz | dv dz 
~|azdx  dzdx}|  |dzdax | dFax 
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and 
fiz dv dz | dv dz ; du dz | du dz 
~ [az dy | daz dy dz dy | az dy’ 


Using (3.5) these become 


du du dv. du dv. dv du ou 
as ae I i mF 
f =|5: - | | iE | | ae OF ile | E ar 


or, equivalently, 


Shei and (2 eee BERL 

Oz dz Oz 

‘These two expressions for f’ must be the same. ‘The first term in each of the above expressions 
is simply or and the second is _ although the sign is different. Thus, it must be zero, which 
gives us the conjugate coordinate form of the CR equations. 


ae 
fsa lutivlt 


Definition 3.9 ‘The complex conjugate coordinate form of the CR equations is 


f) 
wees: (3.6) 

WA 
In other words, f must be able to be written in terms of z alone; there can be no Z factors in 
f that do not cancel out. The last phrase is important. For example, the function f(z) = zZ 
clearly fails to satisfy (3.6). But now consider the function f(z) = Log z. We have that 


f(z) = Log z =In \z| ei Are(z) = In J zz ef atan2(y,x) = In J zz ef atan2(—i(2—Z)/2,(24+2)/2) 


If one were only given the last expression on the right, one might think there is no way the Z 
factors will cancel out and so conclude that f is not analytic. However, the Z terms do in fact 
cancel since the expression is equal to Log z. Further, it is not difficult to show that Log z satisfies 
the CR equations, hence indeed this function is analytic. Equation (3.6) is just another way of 
saying that conjugation is not differentiable, as we first saw on page 57. When f(z) is written 
in terms of the real and imaginary parts of z, then the CR equations given by (3.2) should be 
used, but if f(z) is written in terms of z and Z then (3.6) may be more convenient; it tells us 
that if Z appears in the expression for f, and provided that you are certain the Z factors do not 
cancel out, then f is not differentiable. 

It is also useful to express the CR equations in terms of polar coordinates r and @. In this 
case we assume that f can be written as 


F(z) = u(r, 8) + iv(r, 8), where z = re’?. 


One can develop the polar form of the CR equations for this f either by using the coordinate 
change between (x, y) and (r,@), or directly from the definition of f’ as we did for the CR 
equations in Cartesian coordinates originally. We shall do the latter here. 
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First suppose Az approaches zero along a ray in the direction of z. Then we may write 
Az = Are’? and z + Az = (r + Ar)e?® so that 


u(r + Ar, 0) + iv(r + Ar, 8) — u(r, 6) —iv(r, 8) 


f 2 
f a rest Are?9 
10 ke + Ar,@)—u(r,@)  .v(r + Ar, sane] 
=e lim +1 
Ar>0 Ar Ar 
~i9 | Ou _ dv -i0 . 
=e —(r,9) +i—(r,0)}| =e" (uy +iv;). (3.7) 
or or 


Now consider the case where z + Az approaches z along the circle of radius r centered at the 
origin. Then we have z + Az = re!@+4% and 


Az = rei Gt) _ peif — pei? (ci — 1) ~ rei AO, 


where the last approximation is valid when |A6| is small (using the first two terms of the series 
definition of the exponential). Then 


u(r,0 + AO) + iv(r, 6 + AGO) — u(r, 8) —iv(r, A) 


ge lim 


A6—>0 rel9i Ad 
I 36 % v(r,9 + A@)—v(r,9) u(r, 8 + A@) — u(r, @) 
=-e lim i 
r Ad—>0 AO Aé 
_ 1 -id dv Ou = 1 —i0 . 
=e E (r, 0) ing (r, 2) =e (vg —iug). (3.8) 


Both (3.7) and (3.8) are valid expressions for f’, hence they must be equal. This gives the fol- 
lowing polar form for the Cauchy-Riemann equations. 


Definition 3.10 The polar form of the CR equations is 


1 1 
Ne = =O, and —ug = —Urp. 
r r 


Example 3.11 Determine if the CR equations hold for the function f(z) = r? sin(20) — 
ir? cos(20) and if they hold, what is f’? 
We have 


uy = 2rsin(20), ue = 2r?cos(26), v, =—2rcos(20), vg = 2r7 sin(28). 
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Clearly the Cauchy—Riemann equations hold for this f, and 
f' =e (u, + iv,) = e7!? (2r sin(26) — i2r cos(26)) 
= e7!°(—j2r) (cos(20) + i sin(20)) = —i2re*%e!?? = —j2re!?, 
This last expression is equal to —i2z, implying that f(z) = —iz?. A short computation will 


show that the given f is indeed equal to this. 


One could also develop the CR equations in the case where f is also written in polar form 
rather than Cartesian form, that is, in the case f(z) = R(r, 0)e’9%. This is left as an exercise. 


3.3.3. EXERCISES 
3.6. Let z =x +iy =re!®. Determine where the following functions are differentiable. 


(a) {/@) =x = 7° +e 1 ties y), 
_ ey? = 1 i2y 
(b) t() aa (x — 1)2 + y2 


(c) f(z) = 2x7y +4xy +i (20 Liye = a — ax), 


(d) f(z) =r’ sin —i2r? cos@. 


’ 


3.7. Suppose f(z) is differentiable in a domain D. Prove that f(z) must be constant in D 
if any of the following are constant in D. 


(a) Re(f(z)), (b) Im(f(z)), (c) | f()|. 
3.8. Verify that f(z) = Logz satisfies the polar form of the CR equations provided z 4 0 
and Arge(z) # x. 


3.9. Suppose z = re’? and f(z) = R(r, 0)e!°, where R and © are real functions of the 
real variables r and 6. Determine the Cauchy—Riemann equations for f in terms of 
partial derivatives of R and ©. Simplify them as much as possible. 


3.4 ANALYTIC FUNCTIONS 


Definition 3.12 If _f’(z) exists at all points in a domain R then the function / is said to 
be analytic in R. Other equivalent terms are “holomorphic” and “regular.” 


Recall that a domain is an open connected set. A rational function f(z) = P(z)/ Q(z), is analytic 
on any domain R that does not include any points where the denominator Q(z) is zero. 
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Definition 3.13 The function f is said to be analytic at a point zo if f’(z) exists in a 
neighborhood of Zo. 


To be analytic at a point is slightly stronger than being differentiable there. To be differentiable 
at a point all that is required is that the conditions in Theorem 3.8 are satisfied. In contrast, 
to be analytic at a point the function must be differentiable at all points in a neighborhood. 
Consider Example 3.5 one more time. The function there was differentiable at all those points 
of C with imaginary part equal to 3. Since for any such point a neighborhood of that point must 
include points where y 4 3, we conclude that the function is not differentiable at all points in 
the neighborhood and so is mo¢ analytic anywhere. 


Definition 3.14 If f is analytic in all of C then / is said to be an entire function. 


Polynomials are entire functions, as is the exponential function and therefore also cosine and 
sine. The function f(z) = 1/z is analytic everywhere except at z = 0, hence it is not entire. 


Definition 3.15 Any point where / is analytic is called an ordinary point of /. 


Definition 3.16 If f is not analytic at a point zo but every neighborhood of zo contains 
points at which f is analytic, then Zo is called a singular point of /. 


In other words, a point is a singular point of f if f is not analytic at that point but there are 
nearby points where /f is analytic. We will discuss singular points more fully in Section 3.5. 


Definition 3.17 If f is analytic at zo and if f’(zo) = 0, then Zo is called a critical point 


of f. 


For example, the critical points of f(z) = z + e? are z = log(—1) = im(1 + 2k), k € Z. 


Definition 3.18 If f is analytic in a region R containing Zo and if there is an analytic 
function g on R such that f can be written in the form 


F(Z) = (@—20)"s@), VZER, (3.9) 


where m € Z+ and g(zo) # 0, then Zp is called a zero of order m of f. A zero of order one 
is called a simple zero. 


Assuming for now that g has at least m — | derivatives, it is easy to show that if f has a zero 
of order m at Zo then f and its first m — 1 derivatives at Zo are all zero. For example, f(z) = 
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z?74+2z+1= (z+ 1) has a zero of order 2 at z9 = —1, and both f and f’ are zero at Zo. 

In contrast, f(z) = z? + 4 has simple zeros at z) = +2i and while f is zero at these points, 

f’ = 2x is not. Definition 6.36 in Section 6.3 is an alternative definition of zeros for f based 

on the first m — 1 derivatives being zero. We show there that both definitions are equivalent. 
‘The definition of a zero for f implies that that zero is isolated. 


Theorem 3.19 Zeros of Order m are Isolated. If f is analytic in a region R containing Zo 
and Zo is a zero of order m for f , then there is a deleted neighborhood of zo on which f is nonzero. 


Proof. By Definition 3.18 there is an analytic function g in R such that (3.9) holds and g(zo) 4 
0. Since g is analytic it must be continuous at Zo and so by continuity it must be nonzero in 
some neighborhood N(zo) C R. But the function (z — zo)” is nonzero except at Zo. Hence, f 
is nonzero in the deleted neighborhood N5(zo) \ {Zo}. O 


You might wonder whether it is possible for an analytic function f to be equal to zero at 
some point Zo without there existing an analytic function g that satisfies Definition 3.18. The 
answer is no, unless the function f is identically zero in R. We shall prove this in Theorem 6.37. 
The important point is that zeros of an analytic function f are isolated (unless f is identically 
ZerO). 

Equation (3.9) may be re-arranged to say 


lim _ fe) _ =p(70) = AAO. (3.10) 

z>z0 (Z — Zo)” 
From this it follows that as z approaches Zo, a zero of order m for f, the modulus | f(z)| ap- 
proaches zero like |A| |z — zo|’”. Likewise, the argument of f behaves like arg A + marg(z — 
Zo). 


3.4.1 INVERTIBILITY 


Analytic functions are locally invertible at any ordinary point zo that is not a critical point. 
‘The adjective “locally” here means that the size of the neighborhood of wo = f(Zo) in which 
an inverse function exists may be small. For example, the function w = f(z) = e7 is an entire 
function and has no critical points since its derivative is never zero. Suppose Zo = 0. An ana- 
lytic inverse for f defined locally to wo = f(Zo) = 1 is any appropriate branch of the function 
g(w) = log w. Any such branch is not defined at w = 0 so the largest 6 neighborhood of wo in 
which the inverse is defined is one with 6 = 1. 
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Theorem 3.20 Local Invertibility of Analytic Functions. Jf f is analytic at zo and if 29 
is not a critical point of f then there exists an analytic inverse of f defined on a neighborhood 


Ne(f (Zo)) for some € > 0. 


Proof. Since f is analytic at zo it must be analytic in some neighborhood Ns, (zo). Further, 
since Zo is not a critical point, f’(zo) 4 0, and by continuity of f there must be a neighborhood 
Ng, (Zo) in which f’(z) 4 0. Choose 6 = min(4y, 52). 

Write f(z) = U(x, y) +iV(x, y) and zo = x9 + iyo. The equations u = U(x, y), v = 
V(x, y) are a transformation from N((xo,yo)) C R? to the (w, v)-plane and the Jacobian of 
this transformation is 


U, Uy 


oe 


= Ux Vy — VxUy = UZ + UP, 


where the last equality is due to the fact that since f is analytic, the Cauchy—Riemann equations 
hold in Ns((xo, yo)). Recalling that f’(z) = Uy + iUy we see that J = | f’(z)|?, which means 
that J is nonzero in N((Xo, yo)). Let up = U(xo, yo) and vo = V(X0, Yo). Because the Jacobian 
of the transformation is nonzero, it follows from the inverse function theorem (see, for exam- 
ple, Taylor and Mann [1983]) that there exists a unique inverse transformation, x = X(u, v), 
y = Y(u, v), defined on some neighborhood N, (uo, vo), € > 0, such that 


u = U(X(u,v),Y(u.v)), and v = V(X(u,v), Y(u.v)), V(u,v) € Ne((Xo; Yo))- 


Defining w= u+iv, wo = Uo +ivo, and g(w) = X(u,v) +iY(u, v), it follows that w = 
f(g (w)) in Ne(wo). Further, the inverse function theorem guarantees that the first partial deriva- 
tives of X and Y are continuous and satisfy 


v —u =v u 
= ’ Xy = — ’ Yu = = ’ —_ . 
J is J 

in Ne((uo, Vo)). From this it is clear that g satisfies the CR equations in N_(wo), and since the 
partial derivatives of X and Y are continuous g satisfies the sufficient conditions for differentia- 


bility. Hence g is analytic in Ne(wo). 0 


X, = 


3.4.2 HARMONIC FUNCTIONS 


Now suppose f(z) = u(x, y) + iv(x, y) is analytic in a domain D and assume u and v have 
continuous second partial derivatives in D (we show that they always will in Section 5.2). Then 
since the CR equations hold in D we have 


Uxx = (vy)x since Ux = vy 
= (vx)y changing the order of differentiation 
= (—uy)y since Uy = —Vx. 
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Thus, 
ize iy =O. (3.11) 
In the same we we can show that vy; + vyy = 0. Equation (3.11) is called Laplace’s equation 
in two dimensions.” It is left as an exercise to show that u also satisfies 


1 1 
Urr + —Uy + —Uo9 = 0, (3.12) 
r r 


which is the polar form of Laplace’s equation. Laplace’s equation has a large number of important 
applications. It is the governing equation for the steady-state temperature of an object, it dictates 
the electrostatic potential due to an array of charges exterior to the domain, and it determines 
the velocity potential in two-dimensional fluid flow. 


Definition 3.21 Any solution u of Eq. (3.11) is called a harmonic function. 
‘The above discussion has proved the following theorem. 


Theorem 3.22. If f(z) = u(x, y) + iv(x, y) is analytic in a domain D, then both u and v 
are harmonic functions in D. 


There are lots of harmonic functions, for example, u(x, y) = Ax + By + C, u(x, y) = 
A(x? — y?), u(x, y) = e* cos y, or u(r, 0) = r4 sin(A@). However, for an analytic function /, 
its real and imaginary parts are related by the CR equations hence they cannot be two completely 
independent harmonic functions. Indeed, if f = u + iv is analytic and u is specified, then that 
determines v up to a constant. We illustrate with an example. 


Example 3.23. Let u(x, y) = 3x” — y?. First show that w is a harmonic function, then 
find v such that f = u + iv is an analytic function. 
We have 


Use = OW, Uy = 35° = By”, cco S OP, Uyy = —6y. 
Therefore, ux + Uyy = 0 so u is a harmonic function. Now the first CR equation gives 
Vy = Ux = Oxy => Dany a), 
where /(x) is some arbitrary function of x. Differentiating this expression with respect to 
x and using the second CR equation we have 
Vy = 3y? +h’ (x) = —uy = —3x? + 3y? 
— hy 38 I a = aK, 


?Pierre-Simon Laplace (1749-1827) was a French mathematician who contributed in many areas including astronomy, 
engineering, physics, statistics, and philosophy. 
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where K is an arbitrary constant. We conclude that v(x, y) = 3xy?—x3+ K, and f = 
u + iv is analytic. 


For f =u +iv, since v is completely determined (up to a constant) by wu, there is special 
terminology for v. 


Definition 3.24 If f(z) = u(x, y) + iv(x, y) is analytic, then v is called the harmonic 
conjugate of u. 


This relationship between u and v is not symmetric; u is not the harmonic conjugate of v. This 
can be seen by considering g = —if = v —iu. Clearly since f is analytic, so is g and, hence, 
from the definition we see that —u is the harmonic conjugate of v. 

Do harmonic conjugates always exist? The answer is yes, which we shall prove in Theo- 
rem 5.24. Thus, every harmonic function u is the real part of some analytic function f = u + iv. 


3.4.3. EXERCISES 


3.10. Let z = x + iy, where x and y are real. Determine where the following functions are 
differentiable and where they are analytic. 


(a) x* —3x = y* +i Gxy—3y +4), (b) x sin y + ix cos y. 


3.11. Let f(z) = r?sin(20) + iv(r,@) where z = re!®. Assuming f is analytic, determine 
v(r, 6) and find the derivative of /. 


3.12. Show that if f(r,0) = u(r, @) +iv(r, 6) is analytic, then u satisfies Eq. (3.12). Show 
that v satisfies the same equation. 


3.13. Verify directly that the real and imaginary parts of the following analytic functions satisfy 
Laplace’s equation. 


1 
(a) Az” Phe, ABC eC, (b) -, (c) e”. 
Z 
3.14. Find harmonic conjugates of the following functions. 


(aju=e*siny, (b)u=xy+x—-y, (c)u=lIn{z|, for—n7 <6 <nz. 


[Hint: For (c) it is easiest to use the polar form of the CR equations. | 
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3.5 SINGULAR POINTS 


As indicated in Definition 3.16, singular points are points where a function f fails to be analytic 
but in a neighborhood of which there are always some points where / is analytic. 

Before we discuss the different classifications of singularities we describe how to deal 
with singularities at infinity. Given a function f(z), let w = 1/z and define g(w) = f(1/w). 
We then say that f has a singularity at oo if g has a singularity at 0. For example, f(z) = z*, 
has a singularity at z = oo because g(w) = 1/w? has a singularity at w = 0. 

Singular points may be isolated or non-isolated. These terms mean exactly what you think 
they would mean; the precise definition is: 


Definition3.25 A singular point Zo of f is isolated if there exists a deleted neighborhood 
N of zo such that there are no singularities of f in N. Any singularity that is not isolated 
is called non-isolated. 


For the point at infinity, a deleted neighborhood is the region |z| > R for some large R; 
it is perhaps best to think of stereographic projection in which case a deleted neighborhood of 
the point at infinity is the stereographic projection of a deleted neighborhood of the north pole 
on the Riemann sphere. 


3.5.1 ISOLATED SINGULARITIES 


There are three types of isolated singularities: poles, removable singularities, and essential sin- 
gularities. The standard definitions for these three types require an understanding of Laurent 
series, which we cover in Chapter 6. The definitions we give here are equivalent and provide (in 
two cases) a test for determining the type. We will revisit the definition of these singularities in 
Section 6.5. 


Poles 
Definition 3.26 Let Zo be an isolated singularity of f. If there is a neighborhood N of zo 


and an analytic function g on N such that f can be written in the form 


g(z) 
(z — Zo)™’ 


f@= ¥zEN \ {zo}, (3.13) 


where m € Z+, and g(zo) # 0, then Zo is called a pole of order m. A pole of order one is 
called a simple pole. 


Equation (3.13) can be re-arranged to say 


jim (z—z9)" f(z) =AF0. (3.14) 
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Poles are, in one sense, the inverses of zeros. The above condition should be compared with the 
condition for a zero given by (3.10). The inverse nature of poles ae zeros is reflected in the fact 
that a zero of order m for f(z) is a pole of order m for h(z) = 108 This is true because, if Zo is 
a zero of order m for f, there exists a nonzero constant A € C such that 

lim (z — Zo)"h(z) = lim (z — Zo)” : = : = : #0. 

rey ey 7@ ~ timss ae A 


The modulus of f(z) near a pole of order m grows like | A| /|z — zo|” and its argument behaves 
like arg(A) — m arg(z — zo). As one approaches a pole of f, the limiting value is always the 
point at infinity. 


Example 3.27 Investigate the poles of the following functions and illustrate with phase 
plots. 


1 27 3 
(a) f() = @_—2*’ (b) f() = @—DG@+3)2’ 
Z e ee 
() fe)=E+iy, OO = saa 
1 
@ {@Q= Gop! has a pole of order four at zo = 2. Figure 3.3a shows a phase plot. 
Note that the colors go through four cycles in reverse order as you go around Zo. 
5s 
(>) #@) = ee has a simple pole at zo = 1, a pole of order two at zo = —3, 


G-NiGs 3) 
and a simple zero at z9 = 3i/2. The phase plot in Fig. 3.3b shows all three of these 
features. The colors go in normal order around the zero at 3i/2 but go in reverse order 
around the poles; the colors go through two cycles around the pole at z9 = —3. 


(c) f(z) = (z +i)° has a pole of order 3 at z = oo since g(w) = f(1/w) = (4 4r a = 
(aay has a pole of order 3 at w = 0. Figure 3.3c shows a phase plot for g where 
clearly the colors go through three cycles in reverse order around w = 0. 


e7—1 
(d) f@)= Ea has a simple pole at z) = —4i, but, unlike you might expect, z9 = 
0 is not a pole of order two because 
Sail 
lim(@ — 0)? f(z) = lim © a 7 


Since the limit is zero, our definition tells us that z9 = 0 cannot be a pole of order 
two. Yet zo = 0 is clearly a singularity of f. It is possible that it is not a pole, but if it 
is actually a pole, then the fact that using n = 2 gave us a limit of zero tells us that the 
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(a) The function w = f(z) = ay 


o/|¢| 
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(c) The function (= g(w) = 


w/|r| 
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x 
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x 


e—1 
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(d) The function w = f(z) = 


Figure 3.3: Phase plots of the functions from Example 3.27. 


order must be smaller than two. Indeed, if we choosen = 1 we have, using LHopital’s 


rule, 
eF— e? 1 
pale Vi) ae z(z + 47) PEER 27 -- 4i 4i 


#0 


‘Thus, we see that z = 0 is a simple pole for f. From Fig. 3.3d we see that indeed 
the colors only go through one cycle in reverse order around zg = —4i and around 
Zo = 0. The simple zero for f at z9 = —2mi is also evident on the figure. 


Definition 3.28 A function that is analytic in a domain D except for a finite number of 
poles is called a meromorphic function. 
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Removable Singularities 


Definition 3.29 Let zo be an isolated singularity of f. If there is a constant A € C such 
that 


Jim, fe) = A, 


then we say Zo is a removable singularity of f. 


In this definition A may be zero, but, since it is restricted to lie in C, it cannot be the point at 
infinity. (The point at infinity is what is obtained for this limit if zo is a pole.) 

A function with a removable singularity at zo can be defined at zo so that it becomes 
analytic there. For example, the function 


3 2 
z° + 8z* + 17z + 10 
f@)= 
z+1 
clearly has a singularity at z = —1 since the denominator is zero there. However, it is not a 


simple pole since 


273 4+ 822 +17z+ 10 
z+1 


lim (2 — (-)) = lim (2° 408° 4. 17z-+.10) = 0, 
Zz a 


To test if the singularity is removable, using LHopital’s rule we have 


3 2 2 
8z* + 17 10 3 16 17 
lim f(z) = lim eile es me = lim ele =4 
z>-1 z>-1 z+1 z>-1 1 


‘Thus, by the definition, the point z9 = —1 is a removable singularity of f. Indeed, it is not 
difficult to show that f(z) can be written 


(z+ 1)(z2 + 2)(z +5) 
zt+1 ; 


f@= 


Even though the factor (z + 1) cancels, the function f, as originally written, still has a singu- 
larity at z = —1, since f is not defined there. However, one can always define a new function 
F(z) = (2 + 2)(z + 5). This new function is equal to f(z) everywhere that f is defined, plus the 
new function is defined and analytic at z = —1. Thus, this definition has removed the singularity. 


Example 3.30 — Find and classify the singularities of the function f(z) = EGE) 
singularities are removable, define an analytic function that is equal to f but has those 


singularities removed. 
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Since polynomials and the cosine functions are analytic, the only singularities of f 
will be when the denominator is zero. 


cos(iz) = 0 = zZ=-i (5 + kz) ,keZ. (3.15) 


But the numerator is also zero at z = im/2, therefore we suspect that z = im /2 is a remov- 
able singularity, while the remaining values of z given in (3.15), that isk € Z,k # —1, are 
simple poles. We now verify using L'Hopital’s rule in both cases: 


Di 


lm f(z) = lim ———— = 
ga f@) zoik —i sin(iz) ; 


and, for k 4 —1 we have 


(iz —m) + (2 +i (% +kzx)) 2i 


‘Fea (2 i (F +kx)) f(@)= lim 


z>-i($+kz) z>-i(3+kz) —i sin(iZ) 
a te Bear se 
= SS 
cpr * 
‘The singularity at z = im/2 may be removed by redefining f as 
3; 

Ne as 1 Fe ae 

f(z) = cos(iZ) 2 

: 7 
2 ifz=i-. 

2 


This redefined f is analytic at z = im/2, but still has simple poles at z = —i ($ + kz), 
k € Z, k €-1. Figure 3.4 shows a phase plot where the simples poles are evident, but 
clearly there is no pole at z = im/2. 


Essential Singularities 
Our definition (prior to learning about Laurent series) for the third type of isolated singularity 
is simply one that is not one of the other two types. 


Definition 3.31 Isolated singularities of f that are not poles or removable singularities 
are essential singularities. 


An equivalent, but better definition is given in Section 6.5, where we also discuss the behavior 
of functions near an essential singularity. 
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w/|w| 


O 


2iz+an 


Figure 3.4: Phase plot for f(z) = 


cos(iz) | 


Example 3.32. The function f(z) = e!/? has an essential singularity at z = 0. 
‘That z = 0 is not removable or a pole of any order m follows from the fact that 


lien 2” f(Z) = CS, Vm = 0. 
BAD 


Example 3.33 The function f(z) =e” has an essential singularity at z = oo because 
g(w) = f(1/w) = e!/” has an essential singularity at w = 0. 


3.5.2 BRANCH POINTS 


‘The most important type of non-isolated singularity is a branch point. Branch points are singu- 
larities that occur for multivalued functions. In order to discuss branch points we will use two 
concepts from Section 4.1: simple closed contours and parameterizations. You may wish to read 
that section now, however, for the purposes of describing branch points it is enough to think of 
a simple closed contour as a small circle and its parameterization as a way of labeling the points 
on the circle with a real variable ¢ that increases from a to b as the circle is traversed once around 
(for example, t could be the angle running 0 to 27). 

Let us consider the simplest multivalued function, f(z) = 21/2 = +./re'9/?. Consider a 
circle radius R centered at 0. A parameterization for this circle is z(t) = Re’’, with 0 < ¢ < 27. 
Now, starting at t = 0, select one of the values of f(z), say the one with the positive sign, 
traverse once around the circle (increase t from 0 to 27), and follow the value of f(z) as t 
increases. At the start, the value was f(Re!°) = /Re!9/? = /R, while at the end, the value 
is f(Rei2”) = J/Re!27/? = /Re'* = —/R, which is clearly the negative of the start value. 
Even though the function was changing continuously as we traversed the circle, we have ended 
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1.0 


= w/o 


© 


= 0.0 


-0.5 


Figure 3.5: The branches f,(z) = /7 e'9/?, —2 < 6 < xt (left), and f,(z) = —/r e?9/?, —m < 
6 < x (right). 


up at a different value than we had at the start. Indeed, we find that by going once around the 
circle we have ended up on the other branch of the square root function. Clearly, this will happen 
regardless of the size of the circle, provided 0 is inside the circle. Conversely, for any circle that 
does not contain 0 in its interior, traversing it once around will not cause the argument of z to 
increase by 27 and hence will not cause a change in the value of the function. Thus, the point 0 
is special for this function f. Such a point is called a branch point, which we now define. 


Definition 3.34 Let f(z) be a multivalued function defined in a neighborhood of Zo. 
Let C be a simple closed contour inside this neighborhood with Zo in its interior, and let 
z(t), t € [a,b] be a parameterization of C (starting from some arbitrary point, going once 
around). Choose a value of f(z(a)) and allow f(z(t)) to vary continuously as t increases. 
If f(z(a)) # f(z(b)) for every such contour C, then Zo is a branch point of /. 


‘The above definition is a little technical. Basically it simply says that going once around a 
branch point causes the function to change value, that is, it causes a switch from one branch of 
the function to another. The requirement that this is true for “every such contour” means that it 
must be true for an arbitrarily small closed contour around Zo, thus distinguishing the point Zo. 
Finally, the requirement that f(z(t)) varies continuously along the contour prevents you from 
arbitrarily switching to another branch of the function at any point. 

Phase plots of the two branches fa(z) = /r e!9/?, -1 <0 < x, and f,(z) = —A/r e'9/?, 
—n <0 <szof f(z) = z'/? are shown in Fig. 3.5. In the process described above, we started on 
the positive real axis of the branch f,, where the color is red and started moving in a circle around 
0 in the counter-clockwise direction. The continuous increase of ¢ corresponds to a continual 
change in the color. When the negative real axis is encountered, the value, since it must be 
continuous flows onto the green area of the other branch /,. Similarly, if we were to circle the 
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origin again, the purple area just above the negative real axis in fj, would flow to the purple area 
below the negative real axis in fg. 

The function f(z) = z!/? also has a branch point at infinity. To show this we consider 
g(w) = f(1/w) and consider a small circle around w = 0. At the start the value is g(Re’®) = 
(1/V/R)e19/2 = 1/./R while at the end the value is g(Re!2”) = (1//R)e!27/2 = —1/V/R. 
We conclude that circling 0 causes g to change branches, thus circling oo causes f to change 
branches. Therefore f(z) = z!/? has a branch point at infinity. It is not difficult to show that 
z = Oand z = oo are branch points for any rational root function f(z) = zP/4, 


Example 3.35 = Show that the function log z has branch points at 0 and oo. 

To show that z = 0 is a branch point consider a circle radius R centered at 0 and go 
once around. At the beginning point, select the principal value of log z. ‘The values at start 
and end are 


log(Re’®) = nR + i0 and log(Re’2”) = In R + i2z. 


Clearly these differ, for any value of R > 0, hence z = 0 is a branch point. For z = 00 con- 
sider g(w) = log(1/w) and determine the values of g as you traverse a small circle around 
the origin, with w = Re’, 0 < t < 27. The values at the start and end are 


g(Re’®) = InR-! —i0 and g(Re!2”) = In R7! — i2z. 


‘These also are not the same hence z = o0 is a branch point. 


The only multivalued functions we will encounter in this course are those made up of 
rational roots, w?/4 (p and q are integers with no common divisor) and the logarithmic function, 
log w. As we have seen above, the branch points of such functions occur when the input to them, 
w, is either 0 or oo. So, for example, the function f(z) = (z — i)?/3 has branch points at z =i 


and z = oo. And the function f(z) = log ( : ) has branch points at z = +3 and z = oo. The 


z2-9 
point z = oo is not always a branch point of such functions as the next example illustrates. 


1 
Example 3.36 Find the branch points of f(z) = log (4). 
Let € = (2 + 1)/( — 1). Clearly € = 0 when z = —1, hence it is a branch point. The 
modulus of ¢ becomes unbounded only in the limit as z approaches +1, thus z = +1 is the 


only other branch point. 


Although we have already discussed branches of multivalued functions in Section 2.2, we 
can now give a precise definition. 
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Definition 3.37 A branch of a multivalued function f is any single-valued function F 
that is analytic on some domain D and, for each z € D, F(z) is one of the values of f(z). 


‘The requirement for F to be analytic prevents F from arbitrarily taking on various values of f. 
Branches are constructed from a multivalued function by means of branch cuts. 


Definition 3.38 A branch cut is a simple contour connecting branch points that is intro- 
duced in order to define a branch F of a multivalued function f. 


(A simple contour is a curve that does not intersect itself; see Section 4.1.) The location of branch 
cuts is somewhat arbitrary, however they must obey the following rules. 


Branch cut rules: 
1. Branch cuts do not intersect themselves or each other (except at their ends). 


2. Both ends of a branch cut must terminate at a distinct branch point (or at the edge of 
the domain on which the function is defined). 


3. All branch points must be the terminal point of one or more branch cuts. 


It should be noted that points on a branch cut are not branch points, although the branch cuts 
terminate at branch points. 


-O+20k 


Example 3.39 All of the following are valid branches of f(z) = z!/2 = /re’ 2 ,k = 
0, 1 defined on the given set D. The branch cut is specified in each case and extends from 
the branch point at 0 to the branch point at infinity. 


F(z) = Vreiz D =e 3 =e <@) <a, branch cut: arg(z) = 7 
F(z) = = fret Dates O80 <M. branch cut: arg(z) = 0 
; 3 3 

F3(z) = Vrei2 D= i : = << >| : branch cut: arg(z) = — 
; 4 2 2 

iin(G@)= —Jfr elf D= : = <0< = , branch cut: arg(z) = ell 


In the above example, the sets D are not open since they include the points on the branch 
cut, which are boundary points for D. However, we could make D a domain (open and connected 
set) by changing the loose inequality in its definition to a strict inequality, that is, by removing 
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the branch cut from D. We can then apply Definition 3.37 to see that each Fj is indeed analytic 
on a domain D and so is a branch of f. 

The branch cut could be a ray at any angle 0p, like the branch cuts in the example, but 
that is not necessary; it could be any curve extending from 0 to oo that does not intersect itself. 
Since the function f(z) = z!/? has two values for each nonzero z € C, we say that f has two 
branches, even though we can define an infinite number of branches by altering the branch cut. 
Two branches are sufficient to cover all values of f(z) = z!/?. For example, for any fixed 6p, all 


values of f(z) = z'/? are captured by the two branches 
fa(z) = Jrel? 6) <0 <6) +2n, 
fo(z) =—vrel8 09 < 0 < 6) + 2n. 


All points on the branch cut are non-isolated singularities of the branch F, since F is 
discontinuous as the branch cut is crossed. Since every branch point must have at least one 
branch cut emanating from it, it follows that branch points are also non-isolated singularities. 
Although points on a branch cut are singularities of a branch F, they are vof singularities of the 
multivalued function f defined on an appropriate Riemann surface, which we will discuss in 
Section 3.6. 

Another way of defining a branch point for a multivalued function is a point where the 
function becomes “single-valued” in the extended complex plane. For example, 2?/4 is always 
0 at z = 0 and always oo at z = ov, regardless of which branch is chosen. It is also true that 
limz-+o log z| = 00 and limz-,¢9 |log z| = oo regardless of the branch. Thus, we see that 0 and 
oo are points where the multivalued functions z?/% and log z are single-valued, and hence they 
are branch points for these functions. 

Branch cut Rule 2 indicates that a function defined on the extended complex plane cannot 
have exactly one branch point; if it has one then it must have at least two. This can be seen to 
be necessary by considering stereographic projection. An arbitrarily small circle around some 
point Zo is stereographically projected to a small circle on the Riemann sphere centered at A. If 
Zo is a branch point, then the value of f changes after one circuit of this circle, in other words 
traversing the circle causes a change in the branch of the function. The circle on the sphere can 
be grown, pushed over the girth of the sphere, and shrunk to an arbitrarily small circle around 
some other point B on the sphere. One of two things will happen. Either f continues to change 
value as the circle is traversed once, which means, by definition, the point that stereographically 
projects to B will be a branch point, or the function will cease to change value at some stage 
as the circle is moved over the sphere. But the latter situation indicates that the value of the 
function on the second branch has now become the same as the value on the starting branch, 
that is, the multivalued function has become single-valued at some point on the circle, which 
means there must be a branch point there. 

Returning to the question of invertibility, recall that Theorem 3.20 indicated that an an- 
alytic function f is locally invertible at any ordinary point that is not a critical point. Why is 
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f not invertible at a critical point? Consider the function f(z) = z* + 2z — 3. The derivative is 
f'(Z) = 2z + 2, which is zero at z = —1 and the image of that point is f(—1) = —4. To find 
the inverse of f solve 


w=774+2z7-3=(z+1)?-4 — z=(w+4)!/?2-1, 


Therefore, to obtain an analytic inverse, any one branch of g(w) = (w + 4)!/? — 1 must be se- 
lected. But g has a branch point at w = —4 = f(—1), therefore g cannot be analytic in a neigh- 
borhood w = —4. 


3.5.3 OTHER SINGULARITIES 


‘The singularities defined in the above sections are the most important types; however, there are 
also other types of non-isolated singularities. For example, the function 


Zz if Re(z) = 0, 


z+1_ otherwise. 


f@= 


is analytic on the regions Re(z) > 0 and Re(z) < 0, but the imaginary axis is a set of non-isolated 
singularities for f since the function is discontinuous there. As another example, consider the 
function 

z if Im(z) = 0, 


Z otherwise. 


r=} 


This function is continuous everywhere, however, since we know that conjugation is not a dif- 
ferentiable operation, f is only analytic on the region Im(z) > 0. We conclude that the real axis 
is a set of non-isolated singularities of /. 

The function f(z) = 1/sin(1/z) has what is called a non-isolated essential singularity 
at z = 0. The fact that it is non-isolated can be seen by the fact that the points z = 1/(kz) are all 
isolated singular points for f, for any nonzero k € Z. Thus, there are an infinite number of iso- 
lated singularities within any deleted neighborhood of 0. We will not consider such singularities 
in this text. 


3.5.4 EXERCISES 


3.15. Let m be an integer greater than one. 


(a) Show that f(z) = 1/sinz has simple poles at z = kz, k € Z. 
(b) Show that f(z) = 1/(sinz)” has poles of order m at z =kz,k € Z. 


(c) Is it true that if any analytic function f(z) has a simple pole at zo then g(z) = 
(f(z))” has a pole of order m at Zo? 
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3.16. Find all singularities of f(z) = and show that they are all poles. Determine 
Zz 


1 
(e7 — 1) 
the order of these poles. 
3.17. For each of the following functions, locate all singularities on the extended complex 
plane and name them. 
z7—4 1 cos(z) — 1 1 


(z2 +. z — 2)3’ Ap) eottl/2),. te) Log(iz) — 2’ (d) Zz : J/z-2 


In part (e), \/z indicates the principal branch of the square root. 


(a) 


3.18. Find all branch points on the extended complex plane for the function f(z) = 
log ((z? + 1)!/? —i). 


3.6 RIEMANN SURFACES 


Dividing a multivalued function f into branches of single-valued functions is one way to 
deal with the multivaluedness. Essentially, what one is doing is making multiple copies of the 
codomain (the output set) of f and using each copy to accept the range of one of the branches 
of f. Riemann surfaces are another way of dealing with multivalued functions. In this case one 
makes multiple copies of the domain of f (the input set), stitched together in an appropriate 
manner, and considers f not as a mapping defined on C but rather as a mapping defined on this 
stitched up surface, called a Riemann surface. Each copy or “sheet” of this surface is mapped 
by a different branch of f to C. 

Consider again the function f(z) = z'/?. This function has two branches /1(z) = 
Jr e9/2, and fo(z) = Jr e!(@+27)/2, where —1 < 6 < m. Here, by specifying the range of 0 
we have indicated that the branch cut that we have chosen is the negative real axis. The Rie- 
mann surface for f is constructed by taking two copies of the complex plane and cutting each of 
them along this branch cut, then stitching the upper edge (0 = z:) of this cut on the first copy 
with the lower edge (@ = —z:) of the cut on the second copy, and vice versa. This is illustrated in 
Fig. 3.6a. On the first sheet of this Riemann surface, the value of the function f is f1(z), and on 
the second sheet it is f2(z). The function remains continuous and analytic as one travels across 
the stitched edges from one sheet to the other. For example, as 6 approaches z on the first sheet, 
the value of f will approach f\(re’”) = ./re'”/?. As one increases the angle further you cross 
the stitched edges and are on the second sheet with 6 close to —z. Here the value of the function 
f is close to fo(re7*”) = Jr e877 +27)/2 — /p e'*/2, If we denote the Riemann surface as S 
then f is a single-valued function from S to C. It is differentiable everywhere except at the 
branch points z = 0 and z = oo. 

The Riemann surface for the logarithmic function has infinitely many sheets, since log z 
has infinitely many branches. Some of this surface is illustrated in Fig. 3.6b. 

Since there is some arbitrary choice for the branch cuts, Riemann surfaces are not unique. 
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. y 
y x 
(a) Riemann surface for f(z) = 7 with (b) Riemann surface for f(z) = log z with 
branch cut on the negative real axis branch cut on the negative real axis. Five 


of the infinitely many sheets are shown. 


Figure 3.6: Riemann surfaces for f(z) = z!/? and f(z) = logz. 


Example 3.40 Find the branch points of the function f(z) = (z? — 1)'/2, and discuss the 


Riemann surface. 


Since the function may be written as w = f(z) = (z — 1)'/2(z + 1)1/, it follows 


that 
arg(z — 1) n arg(z + 1) 


D; D 


arg(w) = 


As a simple closed contour is traversed once, the change in arg(w) will be half the change 
in arg(z — 1) plus half the change in arg(z — 1). For a simple closed contour that has z = 1 
in its interior but not z = —1, like the dashed contour in Fig. 3.7, we see that the change in 
arg(z — 1) will be 27 but the change in arg(z + 1) will be zero. Thus, arg(w) will change 
by z. Similarly for a simple closed contour that has z = —1 in the interior but not z = 1, 
arg(w) will change by 7. However, if the simple closed contour encloses both z = 1 and 
z = —1 then the change in arg(w) will be 2 + 1 = 2m (which is equivalent to 0). Simple 
closed contours which enclose neither z = 1 nor z = —1 clearly cause no change in arg(w) 
as they are traversed once. We conclude that the only two branch points are z = 1 and 
z = —1. Exercise: Show that oo is not a branch point of f by considering g(f) = f(1/¢) 


and a small circle around ¢ = 0. 


A branch cut for f must connect the two branch points, an obvious choice would be 
to take the line segment z(t) = —1 + 2, ¢ € [0, 1], but one could also take the entire real 
axis except that segment. In the latter case the branch cut extends from z = —1 decreasing 
along the real axis through the point at infinity and back along the positive real axis to z = 1. 


Both Riemann surfaces are shown in Fig. 3.8. 
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Figure 3.7: Simple closed contour around the point z = 1 for the function w = (z — 1)!/2(z + 
1)'/, Traversing the contour once, the argument of z + 1 is unchanged while the argument of 
z — 1 increases by 27, thus arg(w) will change by 27/2 = x. 


J 


Figure 3.8: Possible Riemann surfaces for the function in Example 3.40. 
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CHAPTER 4 


Contour Integration 


4.1. ARCS,CONTOURS, AND PARAMETERIZATIONS 


Definition 4.1 If x(t) and y(t) are continuous real-valued functions of a real parameter f, 
t € [a,b], a # b, then the set of points z(t) = x(t) + iy(t), t € [a, b] is called an are, and 
the function z(t) is called a parameterization of the arc. 


‘The requirement that a # b in the definition is so that an arc is more than just one point. 
As we have already mentioned in Section 2.3, a line through the point B € C with direc- 
tion D € C may be written parametrically as 


z(\)=B+Dt, teR, 
and a circle centered at B € C with radius R € R may be represented parametrically as 


z(t) = B+ Re", t € (0, 27]. 


Example 4.2 Find a parameterization for the line segment joining p) = —1 +i to pz = 
1-i. 
Since the direction from p; to p2 is p2 — py = 2 — 2i we have 


70) 1 bi Oi), Osr= 1. 


‘The above example illustrates a more general case. A parameterization for the line segment going 
from p, to pp is given by 


z(t) = pit+(p2- pidt, 047 <1, 


It is important to realize that parameterizations are not unique. For example, z(t) = —1 +i + 
(1—i)t, 0 <¢ <2, is another parameterization of the straight line segment in Example 4.2. 
Further, although ¢ is a common choice for the parameter name, any reasonable name can be 
used. Sometimes we parameterize a curve using its real or imaginary part as the parameter. For 
example, the curve in Example 4.2 could also be parameterized as z(x) = x —ix,-l<x <1. 
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Figure 4.1: Simply (left) and multiply (right) connected sets. 


Example 4.3 Find a parameterization for the half circle, radius 4 centered at z =i that 
is in the right half-plane. 
Since the half circle is to the right of the center point, a parameterization is 


IU IU 


Dette! sa. eps =, 
z(t) =i+4e ae, 


Definition 4.4 An arc is simple if it does not cross itself, that is z(t)) A z(t2) when t) F 
t2. A simple arc is also called a Jordan arc. If an arc is simple except for z(a) = z(b) then 
it is called a simple closed curve or a Jordan curve. 


A circle is a simple closed curve, but a figure eight is not since it crosses itself. 
Recall that for R to be a connected set it means that every two points in R can be connected 
by a path of straight line segments completely contained in R. 


Definition 4.5 A simply connected set is a connected set R such that every simple closed 
curve in R can be continuously shrunk to a point without leaving R. A connected set that 
is not simply connected is called multiply connected. 


What this definition says is that a simply connected set can have no holes; see Fig. 4.1. If the set 
had a hole, then a simple closed curve could be drawn with the hole in its interior and it would 
be impossible to shrink the curve to a point without entering the hole. 


4.1.1 DEFINITE INTEGRALS AND DERIVATIVES OF 
PARAMETERIZATIONS 


Suppose that w(t) = u(t) + iv(t), where u and v are piecewise continuous real functions of a 
real variable t € [a, b]. (Piecewise continuous means that the interval [a, b] can be divided into 
a finite number of subintervals such that w is continuous on each subinterval.) We define the 
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definite integral of w(t) fora <t < bas 


[woa = [uoarsi [voar 


Similarly, if x(t) and y(t) are (real) differentiable functions, then we define the derivative of 
z(t) = x(t) + iy(t) with respect to t as 


d d _d 
Hew = ae +i yO. 


By these definitions it follows that 


b b b b 
Re | win = Re [w(t)] dt, Im | wi = Im [w(t)] dt, 


Re [20 | = © Re [z(t)], im| 200 | = “im [z(t)]. 


The integrals of u(t) and v(t) are familiar real-valued definite integrals. Thus, if U(t) and V(t) 
are (real) antiderivatives of u and v, that is U’ = u and V’ = v, then 


b 
/ w(t) dt = U(b) — U(a) +i (V(b) — V@). 
We also have the following important inequality for the modulus of this definite integral. 


Theorem 4.6 Ifw(t), a <t <b, 1s a parameterization of an arc in C then 


i w(t) dt 


b 
<|/ jw(2)| dt. 


Proof. Let f, : w(t) dt = pe'®. Since p is the modulus of this integral, it is equal to the left-hand 
side of the inequality in the theorem statement. Then 


b b 
p= / e '?w(t)dt = Re | e'?w(t) us| (since p is real) 


b b b 
=| Re[e?w(t)] dt <| |e w(t) dt =| |w(t)| dt. 
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Consider again the parameterization z(t) = x(t) + iy(t) where x and y are differentiable 
functions of t € R. Suppose that f = u + iv is an analytic function and consider f(z(t)). What 
is the derivative of this function with respect to f? 


£ fe) = “u(e() + i Kve(t) 


(Aaa JSenee) 
= lim + I : 
At—+0 At At 


Now define Az = z(t + At) — z(t). We may then write the above as 
u(z(t) + Az) — u(z(t)) Li v(z(t) + Az) — v(z(t)) (= + At) — =) 


d 
ao) = fe 


At>0 Az Az At 
= (Oss ee) (“eee ee) 
= lim +1 . 

At—>0 Az At At 


Taking the limit as At goes to zero, which means that Az also approaches zero, we immediately 
see that 


£ fe@) = FE). 


that is, chain rule holds. 


Definition 4.7. Let z(t), t € [a,b] be an arc. If z’(t) is continuous and nonzero on [a, b] 
then we say the arc is smooth. 


‘The unit tangent vector to a smooth arc is given by 


z'(t) 
T(t) = , 
= FOI 
and the arc length is 
b b 
L= i |z’()| dt = i Vix? + bP dt. (4.1) 


4.1.2 ANAPPLICATION: FOURIER SERIES 


In this section we illustrate one application of integration of a complex valued function of a 
real variable. We shall not develop the theory of Fourier series, but take the essential points 
as given by the following theorem. A full exposition of real Fourier series can be found in, for 
example, Boyce and DiPrima [2001]. 
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Theorem 4.8 = Ifa real-valued function f(x) is periodic with period 2L and if both f and f' 


are piecewise continuous on the interval |—L, L| then f has a Fourier series given by 


f@= = ae x (an cos i=) + b, sin (=) 4 (4.2) 
where : 
n=—>]_ f@) Sa Oe ot ON eres 
a al x cos ( ) OL ST es 


—— =i. f(x)sin (“ ae PN 


The Fourier series converges to f(x) at all points x where f is continuous, and converges to 
(f(x+) + f(x—))/2 at all points where f is discontinuous. 


A complex form of this series can also be given. Using the definitions of cosine and sine 


in terms of the exponential we have 


[o,e) 
a a +; NIX «NIX b + NIX * NICX 
i= se ee ee ae eee 


a 
Define co = or 


n 
Ch = ——. n>Qd, and C24 = ——— = &, n> 0. 


Then 


(oe) [oe) 

j DEX _j AEX 

F(x) =co+ ) cne Lb + ) c-ne’ Ll. 
n=1 n=1 


The summation index in the second sum can be replaced with —n and then both sums and the 


constant term can be combined to yield 


IQs) Gee. (4.4) 


ne 
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This is the complex form of the Fourier series for f(x). The coefficients c, for n > 0 are given 


by 
Cn = s ae -_ ai. F(x) (cos (=) isin (—)) dx 


1 L —j WX 
a f(xje" = dx. (4.5) 


‘The above formula also holds ifn = 0 or n < 0, which follows since c_y = Cn. In the opposite 
direction, we may express dy and by in terms of cp via 


dn = 2Re(cn) and by = —2Im(cn). 


For a periodic function of period T = 2L units, the frequency is 1/T (in cycles per unit) 
and the angular frequency is @ = 27/T = x/L (in radians per unit). The Fourier series may be 
expressed in terms of the angular frequency as 


w x/o 1 x 


In@x —inowx 1 
fey = Dene, =f sonerinomax= af #(= 


) e'™* dx, (4.6) 
neZ - 


where to obtain the last equality we have done a change of variables x > x/q in the integral. 
‘The utility of the complex form of the Fourier series is apparent when one needs to com- 
pute the Fourier coefficients for a given function f(x). Even for simple functions, obtaining 
the values a, and b, from (4.3) typically involves multiple integration by parts steps, whereas 
obtaining c, from (4.5) typically involves half as many such steps. We illustrate with an example. 


Example 4.9 _ Find the Fourier series for f(x) = x, f(x +2L) = f(x). 
From (4.6) we have 


Cn oy a * e-ink dy = es ( (=) ah vin ; -[- (=) Th ins dx) 
Dae Mae 20 w/ in = a WO) Ue 


= = ae, (erie a en) _ 1 einx e 
2x \inw (in)2@ 


1 md n n 1 —inn inn 
== (= « I + 1") + a (et -e )) 
=| 1 es 


(Vs ee (il = (ie) = 


Thus, the Fourier series for f is 


=F . 
f(x) = ye a aes 
ne 


in@ 
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If we wanted the series in the real form, then, since a, = 2 Re(cy) and by = —2Im(cp) it 
follows that a, = 0 for all n and 


CO 


yr 
fe) = 9 On (4). 


n=1 


4.1.3 CONTOURS 


Definition 4.10 A contour is a piecewise smooth arc, that is, a finite number of smooth 
arcs joined end to end. If this arc is simple, it is called a simple contour. If it is also closed, 
it is called a simple closed contour. 


If z(t) is a parameterization of a contour, then, since the contour is a piecewise smooth 
arc it follows that z(t) is a piecewise differentiable function, that is, z’(t) exists on each arc that 
composes the contour. 


Example 4.11 Find a parameterization for the contour made up of the sides of the unit 
square with corners at 0, 1, 1 +i, andi. 
A parameterization of this contour is 


i OZ < il. 
1+i(t—1) ifl<t <2, 
(3—t)+i if2<t <3, 
i(4—f) in 3 << 7 < A 


2) = 


In the above example, the contour is composed of four smooth arcs (in this case line segments). 
Rather than writing a single parameterization valid for the entire contour, as in the above exam- 
ple, one often parameterizes each arc separately. Thus, for example, the fourth arc in the above 
example could be parameterized as z4(t) =i(1—1),0<t <1. 

Contours that are not closed, that is, contours that have two distinct end points, can be 
given a direction by specifying which of the two points is the “start” point and which is the 
“finish” point. This specification can be made without reference to any parameterization of the 
contour. The positive direction is going from start to finish, while going from finish to start is 
called the negative direction. If C is a contour with a specified direction, then we use the notation 
—C to represent the same contour but traversed in the negative direction. Parameterizations of 
contours are generally chosen so that the parameter increases as the contour is traversed in the 
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Figure 4.2: Positive direction of a simple closed contour. The angle ¢ = arg(z — Zo) increases by 
2a as the contour is traversed once in the positive sense. 


positive sense. It is sometimes useful to note that if z(t), ¢ € [a,b] is a parameterization of a 
contour C, then w(t) = z(a+ b—t), t € [a, b] is a parameterization of —C. 

In contrast, a simple closed contour does not have distinguished start and finish points, 
and so a positive direction cannot be specified in the same way as it was done for non-closed 
contours. If one has a specific parameterization for the closed contour, a positive direction could 
be defined as that associated with the increase of the parameter. However, there is a more in- 
trinsic way of defining a positive direction for simple closed contours that does not rely on any 
parameterization. To do so, we need the result of the following theorem. 


Theorem 4.12 TheJordan Curve Theorem. 4 Jordan curve (may have infinite length) di- 
vides the plane into two regions having the curve as a common boundary. One region is bounded 
(called the interior) and one region is unbounded (called the exterior). 


The Jordan curve theorem is one of those theorems in mathematics that appears so obvious it 
shouldn't need to be a theorem, yet the proof of this theorem is not straight-forward and is 
beyond the scope of this text.! We shall take it for granted that a simple closed curve has a 
well-defined interior that has finite area. 


With the above result, the positive direction of a simple closed contour is, by convention, 
defined as follows. 


Definition 4.13 Let C bea simple closed contour and let Zp be a point in the interior of C. 
Let z be any point on C. ‘The positive direction of C is the direction that causes arg(z — Zo) 
to increase by 27 after z completes one full traversal of C. 


This definition is illustrated in Fig. 4.2. Since Zo is in the interior of C, allowing z to traverse 
all of C once will necessarily cause @ = arg(z — Zo) to increase by 27 as the curve is traversed 
in the indicated direction. If zp was in the exterior of C, the argument of z — zo would be the 
same after one full traversal of C, regardless of direction. 


TSee Newman [1964, pp. 115-116] for a proof. 
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Figure 4.3: There is no preferred direction for non-simple closed contours. The angle ¢ = 
arg(Z — Zo) increases by 27 but the angle yw = arg(z — z;) decreases by 27 as the curve C is 
traversed once in the specified direction. 


Figure 4.4: Positive direction of the boundary of a multiply connected region. 


Practically speaking, the positive direction of a simple closed contour is the counter- 
clockwise direction, when viewing the complex plane from above. Another equivalent way of 
specifying this direction is to say that a person walking on the complex plane along the contour 
in the positive direction must keep the interior of the contour to the left. 

For closed contours that are not simple, like a figure eight, there is no way to define a 
positive direction except through a specific parameterization; see Fig. 4.3. In these cases, if the 
direction matters one must explicitly specify the direction. 

Ifa set of simple closed contours, Cx, 1 < k <n, are the boundary of a multiply connected 
region R, then by convention, we define the positive orientation of the boundary of R by taking 
the orientations of the Cx as follows: 


e if R is in the interior of C, then the positive orientation of Cx is used; 
e otherwise (R is not in the interior of C;) the negative orientation of Cx is used. 


See Fig. 4.4. Again, if one adheres to the rule that the interior of R is kept to the left, you will 
obtain the positive orientation. 


4.1.4 EXERCISES 


4.1. Let w(t), 2/4 <t < 32/4be the parameterization of the quarter circle centered at zg = 


1 —i and running from 2 to 0 in the upper half-plane. Compute ioe . w(t) dt. 
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4.2. 


4.3. 


4.4, 


4.5. 


4.6. 


4.2 


(a) Evaluate ih (ti — +) dt. 
(b) For z € C, when does {5° e~7! dt exist, and what is its value? 


Let w(t), a <t <b be a parameterization of some smooth arc I’. Use the result of 
Theorem 4.6 and the definition of arc length given by (4.1) to show that the distance 
between the end points w(b) and w(a), is always less than or equal to the arc length of 
I. 


In first-year calculus if asked to compute 
x x 
a= | e’costdt and B= | e’ sint dt, 
0 0 


you would have done so via integration by parts. Instead, note that A+iB = 
fo et)" dt and hence evaluate A and B by evaluating this latter integral and then 
identifying the real and imaginary parts. 


Find the complex form of the Fourier series for piecewise constant function 


1 if-L<x <0, 


DOO Ne. GiGi oe i 


where f is defined elsewhere by f(x + 2L) = f(x). 
Find the complex form of the Fourier series for the sawtooth function 


l1+x if-l<x<0O, 
l—-x if0<x <1, 


f(x) = 


where f is defined elsewhere by f(x + 2) = f(x). 


CONTOUR INTEGRALS 


Let C be a contour, with specified positive direction, and let f(z) be a piecewise continuous 
function on C. The contour integral of f along C is written as 


[ f(z) dz. 


If C is a simple closed contour, then we usually use the notation 


) i (z) dz, 


to emphasize that the contour is closed. 
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Definition 4.14 The contour integral of f(z) along the contour C is defined as 


b 
[roel rewzoa. (4.7) 
GE a 
where z(t), t € [a,b] is a parameterization of the contour. 


All we have done in this definition is replace z with z(t) (since we must be on the contour) and 
replace dz with z’(t)dt. Equation (4.7) may also be written as 


[ foaz= [w+ iv ax tidy = [ udx—vdy+i [ vdx +udy, 
Cc Cc c Cc 


where f =u +iv and z =x +iy. The two integrals on the right are real line integrals in R?. 
If a parameterization of C in C is z(t) = x(t) + iy(t), t € [a,b], then the parameterization 
of C in R? is (x(t), y(t). It is easy to show that evaluating the real line integrals with this 
parameterization is equivalent to (4.7). 

We now show that the definition given by (4.7) is reasonable, that is, does not depend on 
the specific parameterization chosen. 


Theorem 4.15 Independence of Parameterization. The definition of a contour integral 
given by (4.7) is independent of the parameterization chosen. 


Proof. Let z(t),t € [a,b], and w(s),s € [c, d] be two parameterizations of C. Since both param- 
eterizations trace out the points in C it follows that we can define a piecewise smooth invertible 
function t = g(s) via the relationship z(t) = w(s) for s € [c,d]. Then applying this change of 
variables to the right side of (4.7) we have 


d d d r 
f seoshars freer“) (4) 


-1 
But s = g~!(t) so a = — (=) , therefore, 


[rem %2a- [ foots) as, 


zl 


It is not difficult to show that contour integration also satisfies the following properties. 
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1. Contour integration is a linear operation. 


[ are + Beeaz =a [ fede +B f g(e)dz 
C Cc c 


for functions f and g and constants A and B. 


2. Reversing the direction negates the value of the contour integral. 


[. f(2)dz = =}, f(z)dz. 


To show this we use the fact that if z(t), ¢ € [a, b] is a parameterization of C then w(t) = 
z(a+b—t),t € [a,b] is a parameterization of —C. 


t 


=b 
f(z(at+b—t)z'(a+b—t)(-1l)at 


t=a 


b 
/ f(w) dw = / f(w(t))w'(t) dt = 
—C a 
= f(z(s))z'(s) ds, where s =a+b—t,so that ds = —dt, 
s=b 
b 
i= / FOOL / fz) dz. 
a C 


3. If C can be split into two contours C; and C2 with matching direction then 
i‘ fad: = f feds + | f(z) dz. 
Cc Ci C2 


Example 4.16 Evaluate Q. f(z) dz where f(z) = Z and C is the unit circle centered at 0. 
A parameterization of C is z(0) = e!®, 0 < 6 < 2m. We have that z’(9) = ie!® so 
that 


2 20 ; ; 20 
) f(z)dz = / ci9 jel? do = / ee? do =i dQ = 2ni. 
(€ 0 0 


0 


Example 4.17 Repeat the previous example but with f(z) = z?. 


20 2n 
‘) f(z) dz =| e797 4? da =| e39 dg 
c 0 0 


feeice Sodbes 1 
= I le" — alee — 9] = me ae 1] = 0. 


‘The next example is more involved in that the region is multiply connected and the simple 
closed contours that make up its boundary are composed of four arcs each. 


4.2. CONTOUR INTEGRALS 


Figure 4.5: The region R for Example 4.18. 


Example 4.18 Find @. f(z) dz where f(z) = xyi and C is the boundary of the region 
R as shown in Fig. 4.5. 


Parameterizations for the four arcs composing the outer boundary and the four arcs 
composing the inner boundary are: 


outer boundary 

Ait —1, te (0.3) 
Zo(t)=3+it, te [0,3]; 
z3(t)=3-14+3i, t € [0,3]; 
Za(t) =1G—1), 1 |0)3); 


‘Therefore, 


inner boundary 

zs(t)=¢+2i, ¢€[i,2): 
z(t) =2+i(2—1t), ¢t € [0,1]; 
Zi =f ee ee 10) Ii; 
ze(t)=1+ti, te [1,2]. 


f fede = foods f eroimdr+ fe-nancn dt 
+f (0)(3 —t)i(— nar fo wonnars f (2)(2 — t)i(—i) dt 
+ fe-oaie pars fo (1)(t)i(@i) dt 
ae I 2 1 
S04 |-3"| + [3 @ = alll + 0+ [it?], + [4¢-17], 
ala |i Dale 
1 } 
Gace) ealezall 


ZION LE es 12 — 123 
= —-— - — = ie 
ee 2 
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‘The result of the following theorem will be used extensively. It simply states that the mod- 
ulus of the contour integral must be below the maximum value of the modulus on the contour 
times the arc length of the contour. 


Theorem 4.19 Contour Integral Bound. Let C be a contour and f a piecewise continuous 
function definedon C. Let M € R such that | f(z)| < M forallz € C, and let L be the arc length 


of C. Then 
1 f(z) dz| < ML. 
€ 
Proof. Let z(t), t € [a,b] be a parameterization of C. 
b b 
i f(@)dz| = i f(z(t))z'(t) dt =) | f(z(t))z’()| dt, by Theorem 4.6, 
Cc a a 


b b b 
=| | fe())| [Z| ars | M [0] d= mM | lz'(t)| dt = ML. 


4.2.1 EXERCISES 


4.7. As indicated in the discussion following Definition 4.14, a contour integral may be 
defined as 


[ fodz= [uax-vay+i f vdx +udy, 
Cc c Gc 


where f =u-+iv and the integrals on the right are real line integrals on R*. If 
(x(t), y(t)), ¢ € [a,b], is a parameterization of C in R?, show that these line integrals 
evaluate to an expression equivalent to (4.7). 


4.8. Let C be the straight line from (—1 —/) to 1. Evaluate 
1 
(a) 7 z+ —-dz, (b) / Re(z) + Im(z) dz. 
Cc 4 Cc 
4.9. Compute f,. (Z* — 2i) dz, where C is the semi-circle of radius 3 centered at 1 — i start- 
ing at z = | + 27 and passing through the region Re(z) < 1. 
4.10. Compute /, (x? —iy) dz, where x = Re(z), y = Im(z), and C is: 


(a) the straight line from z = 14 2i toz = 2+ 8i, 
(b) the parabola y = 2x from z = 1+ 2i toz = 2+ 8). 
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4.11. For each given function f(z) compute the contour integral [. f(z) dz for the given 
contour C. 


(a) f(z) = 272, C is the straight line from 0 to 1 +i. 


(b) f(z) = 27, C is the straight line from 0 to 1, followed by the straight line from 1 
tol +i. 

(c) f(z) = 1 — 2i cos(@), C is the semicircle of radius 3 in the region y > 0 centered 
at the origin traversed counter-clockwise. [Hint: It is helpful to express cosine in 
terms of exponentials. ] 

(d) f(z) =2z'/?, C is the quarter circle, radius 2 centered at the origin going from 
/2(-1 +i) to /2(-1—i). First do this integral using the principal branch of 
z'/?_ Be careful since the contour crosses the branch cut; to cope with this param- 
eterize the contour in two pieces. Does the value of the integral change if a branch 
is chosen so that C does not cross a branch cut? 


4.12. For each of the following regions D with boundary C show that 


) Zdz = 2i(area of D). (4.8) 
Cc 


(a) D is the disk radius R centered at Zo. 


(b) D is the rectangle with vertices a+ ib, (a+W)+ib, (a+W)+i(b+L),a+ 
i(b + L), where a and b are real numbers, and W and L are positive real numbers. 


Do you think that the formula (4.8) is valid for any region D? If so, give a brief argument 
as to why you think it holds. 


4.13. Let A = 2 and B = —2i. Let C, be the path from A to B counterclockwise along the 
circle or radius two centered at the origin. Let C2 be the path from A to B along the 
straight line joining them. For each of the following functions f, explicitly compute 
the contour integral of f along C by separating the integrand into real and imaginary 
parts and then integrating each separately. Then do the same for C2. If the values of 
J, c, f(z) dz and Io f(z) dz are the same, show that f is analytic in a simply connected 
region enclosing the curves, if the values are different, show that f is not analytic in such 
a region. 


(a) f(z) = - (b) f(z) =z’. 


4.14. Using the inequality / f(z) dz| < ML, where L is the arclength of C, and M = 
Cc 


max | f(z)|, show the following. 
ZE 
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(a) If C is the arc of the circle |z| = 1 that lies in the quadrant x > 0, y < 0, then 


2 
[ voez a: 
Cc 
| dz 
Cc z2—j 


3x 


1 
a 
= "4 

(b) If C is the circle |z| = 3 (traversed once), then re 
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Cauchy Theory 


In this chapter we will begin to see more manifestations of how the definition of the complex 
derivative imposes strong conditions on analytic functions. The central results are the Cauchy— 
Goursat theorem and the Cauchy integral formulas. Many results follow from these. 


5.1 THE CAUCHY-GOURSAT THEOREM AND ITS 
CONSEQUENCES 


Before we state and prove the Cauchy—Goursat theorem, we will need to recall a result from real 
multivariable integral calculus regarding integrals over regions in the plane and line integrals 
around the boundary. This result was formulated by George Green (1793-1841); a proof can be 
found in most multivariable calculus texts, for example, Taylor and Mann [1983, pp. 457-464]. 
We state his theorem without proof. 


Theorem5.1 Green's Theorem. If P(x, y) and Q(x, y) are continuous and have continuous 
partial derivatives in a region R of the plane and on its boundary C, then 


fp Pax+ Ody = ff (O.— Pray. 


This theorem is valid for both simply and multiply connected regions. It is a rather remarkable 
result. As long as the functions P and Q have continuous partial derivatives, Green’s theorem 
tells us that a certain difference of these partial derivatives when integrated over a region is the 
same as a certain line integral of the functions themselves on the boundary of the region. Why 
information about a function in the interior of a region should dictate information about the 
function on the boundary (and vice versa) is somewhat surprising. 

We now state the central result. Recall that by definition a “region” is connected. 


Theorem 5.2 Cauchy—Goursat Theorem. If f(z) is an analytic in a region R and on its 
boundary C then 


‘) f(z) dz =0. 
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Cauchy first proved this theorem in 1814 with the added restriction that f’(z) is continuous. His 
proof used a formula equivalent to Green’s theorem, which itself was not formulated until 1828. 
Our proof below will use Green’s theorem and have the added restriction. Edouard Goursat 
(1858-1936) later proved the theorem without this added restriction.! This is an important 
generalization because, as we shall see later, it will eventually exclude the possibility of there 
being an analytic function whose derivative is not continuous. 


Proof. We will assume, as in Cauchy’s proof, that f’(z) is continuous in R and on its bound- 
ary. Let z = x+iy and f =u +iv where u and v are real functions of x and y. Since f”’ is 
continuous, it follows that u and v have continuous partial derivatives. Therefore, 


) f(z) dz = (u + ivi(dx + idy) =¢ udx—vdy +i vdx +udy 
C Cc Cc Cc 
= | (—vx — uy) dxdy +i | (ux — vy) dxdy (by Green’s theorem), 
R R 


- | odxdy +i ff Odxdy (by the CR equations), 
R R 


= 0. 
An equivalent way of stating the Cauchy—Goursat theorem is to say that if f is analytic ina 
region R then &. f(z) dz = 0 for all closed contours C contained in R. a 


Example5.3_ Let C be the unit circle centered at the origin. Explicitly compute the con- 
tour integral of f(z) = z? around C to verify the Cauchy-Goursat theorem in this case. 
A parameterization of C is z(@) = e!9, 0 < @ < 2m. Thus, 


aie noe an eo ae 
[fae | (c ) ié ao = | ie dhe = 5 cancun 


The Cauchy—Goursat theorem is quite a strong statement. No matter what function f(z) 
you have, as long as it is differentiable everywhere in R, the integral of f around the boundary 
will be zero. Since Green’s theorem holds for multiply connected regions, so does the Cauchy— 
Goursat theorem. There are a number of results that are consequences of the Cauchy—Goursat 
theorem, which we now state and prove. 


5.1.1 PATHINDEPENDENCE 


‘The first consequence of the Cauchy—Goursat theorem is that for analytic functions which path 
you take from p; to p2 does not matter; this is called path independence. 


Fora proof of the theorem without the requirement that f’(z) be continuous, see Churchill and Brown [1990, pp. 109— 
113] or Zill and Shanahan [2015, App. II]. 
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Figure 5.1: Path independence. 
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Figure 5.2: Path independence does not hold for multiply connected regions. 


Theorem 5.4 Path Independence. Let f(z) be an analytic function in a simply connected 
region R. Let py and p2 be two points in R, and let C be any contour in R from p, to p2. Then 
Ic £2) dz is independent of the contour chosen, that is, its value depends only on p, and po. 


Proof. Let C, and C2 be any two contours in R from p; to p2 as illustrated in Fig. 5.1. Then 
C, — C2 forms a (possibly non-simple) contour whose interior D is contained in R. We may 
therefore apply the Cauchy—Goursat theorem to Cy — C) yielding 


0=f  f@de=f fede+f fea => [ rows fred. 


0 


This theorem does not apply if R is multiply connected since in this case you may get a situation 
as displayed in Fig. 5.2 where the region D interior to Cj — C2 is not contained in R. One 
should also note that technically one does not need f to be analytic to get the same result; the 
only thing that is needed is the resw/t of the Cauchy—Goursat theorem, namely that the integral 
around all closed contours is zero. 


Example 5.5 Let f(z) =cosz, py = —im, and po =iz. Let C, be the straight line 
Zit) ——1m% +7271, l= ¢ = I, and'C, be the semicircle 250) = ve", 1/2 <0 = 7/2. 
Compute the contour integrals of f along C; and C> to verify that they are the same. 
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We have for Cj, 


1 
/ f@Qdz= i cos(—im + i2mt)2n dt = [sin(—ia + i2nt)]o = sin(iz) — sin(—iz) 
Cj 0 
=isinhz +isinhz = 2isinhz. 
While for C2, we have 
2 ; ; t\ 70/2 
/ Oe = / cos (sre"") ize’ dt = [sin (me" Na = sin(iz) — sin(—iz) 
Co 12 


Se 
=isinhz +isinhz = 2isinh7z. 


5.1.2 COMPLEX EXTENSION OF THE FUNDAMENTAL THEOREM OF 
CALCULUS 


Path independence allows us to define unambiguously the function 


F(z)= [ f(w) dw, (5.1) 


where A and z are both in a simply connected region R, and f is analytic in R. The path is not 
specified in (5.1), but it does not matter; the path independence theorem allows us to take any 
path from A to z in R, and tells us that it will always evaluate to the same value. Using this 
definition of F we can now state the second consequence of the Cauchy—Goursat theorem. 


Theorem 5.6 Complex Extension of the Fundamental Theorem of Calculus. Let f be 


analytic in a simply connected region R, then for A,z € R, the function defined by (5.1) is an 
antiderivative of f in R, that is 


d ZZ 
- | fw) dw = f(@). (5.2) 


Furthermore, for any contour C joining p, to pz in R we have 


P2 
/ foe = i fi@\ee = ayaa = eo: (5.3) 
Cc PA 


Proof. 


z+Az 


zt+Az Zz 
Fe +A2)- F@) =f fw)dw— f fw)aw = | f(w) dw. 
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For |Az| sufficiently small we may take the path from z to z + Az as the straight line segment 
z+tAz,0<t <1. Thus, 


1 1 
F@+A2)-FG@)= [ fle+th2)Azat = Az f f(z +tAz) dt 
0 0 


so that 


. F(z+Az)— F(z) 
lim 
Az—>0 Az 


1 t 
= Jim, [ f(z +tAz)dt = f(z) [ dt = f(z). 


By the definition of the derivative, we have established (5.2), namely that F’(z) = f(z) for all 
zeR. 

To establish the second part of the theorem we first note that since f is analytic, the path 
independence theorem holds and so the first equality sign in (5.3) holds. To show the second 
equality sign we add to the contour C a contour from A to p, inside R, and again, since path 
independence holds, the exact contour does not matter. Then 


[ fea = © fede =— J" peyaz+ [ seyaz+ [ sea: 


Pl 1 


Pi P2 
--f fl)dz + f f)dz = —F(pi) + F(pr). 
A A 


O 


As with the real case, complex antiderivatives are not unique; an arbitrary constant can 
be added to them since if F’(z) = f(z) and K € C is a constant, then G(z) = F(z) + K also 
gives G'(z) = f(z). And conversely, if F and G are antiderivatives of f in R then (F — G)’ = 0 
implying F — G is a constant in R. We may thus define indefinite integrals in R when / is 
analytic via 


[ f@az=F@+K, KeEC, 


where F is an antiderivative of f in R. 


Example 5.7 Find antiderivatives of the following functions: (a) sin(3z)cos(3z), (b) 
eot(4z —1), and (c) ze. 


(a) [snc cos(3z) dz = zsin? (3z) + K, 


(b) [covae —i)dz= / nore — 2 G2 7 los (sin(4z —i)) + K, 


1 1 
(c) ae dz= ao = i nal dz = ao = Gee de IK. (integration by parts) 
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‘The next two examples illustrate how to deal with situations when the antiderivative is a 
multivalued function. Essentially, one must choose an appropriate branch of the function. 


Example5.8 Consider the branch of z!/? defined by z!/? = /re’9/?, -32/2 < 6 < n/2. 
(This function has a branch point at z = 0 anda branch cut on the positive imaginary axis.) 
Evaluate fi z'/2 dz, where C is any contour joining pj = —1 +i V3 to p2 = 3 such that 
the contour does not touch the nonnegative imaginary axis. 

An antiderivative of z'/? is 223/?, which itself is a multivalued function. In this case 
we must choose the branch cut for the antiderivative in the same location as for the integrand 


and we must choose the branch of z3/? so that its derivative is the integrand. So we must 
choose 
73/2 = 73/29i30/2, _3n Zhe ae 
yD} 2 
We could not choose the branch 
23/2 = p3/2gi3O-+2n)/2 _ 3m Zhe z, 


even though it is a valid branch of z3/?, because its derivative is the opposite branch of z!/2 
than the one that the problem specified. Therefore, using the appropriate branch of z3/? we 
have 


3 
il 22 dz = Foal = SP ene] 
G 3 Pies es 


= 2 pease = Ova eso) 
3 


; [3v3 - 2/2012" | = ; [3v3 - 2V3| 


Note that when determining the arguments of the two end points we chose —4z:/3 and 0; 
in particular we did not choose 27/3 as the argument for —1 + i V3. This is because it is 
necessary to choose both arguments in the same range of 6 so that getting from one to the 
other does not require a crossing of the branch cut. 


Example 5.9 Compute J = {¢ 544 dz. where the contour C goes from —2i to 2i but 
does not cross the positive real axis with x > 2. 
Since log z is an antiderivative of 1/z we have that 
3 2i 
[= E log(2z — »| 

2 =2; 
However, the function log(2z — 4) is multivalued. Which branch is to be chosen? It has a 
branch point at z = 2 and a branch cut from there going in some direction to infinity. Due 
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Figure 5.3: If f is analytic in R, the simple closed contour C may be deformed C;. Path L is 
used in the proof of this result. 


to the restriction given on the contour, it is appropriate to take the branch cut as the portion 
of the positive real axis x > 2. That is, we take the branch of log(w), with w = 2z — 4 to be 


log(w) = In|w| +i arg(w), where 0 < arg(w) < 27. 
‘Then we have 


If 


[In |47 — 4] + i arg(4i — 4) — Un |—4i — 4| + i arg(—4i — 4))| 
5 [nv +i - (mv32) +t) eral, 


4 


Note that if the question had said that the contour did not cross the real axis with x < 2, 
then we would have taken a branch of log(w) such that —z < arg(w) < z. In that case 
all of the above calculations would be the same except that arg(—4i — 4) would be —37/4 
rather than 57/4. In that case the answer would end up being i97/4. 


5.1.3 PATHDEFORMATION 


The third consequence of the Cauchy—Goursat theorem is, in some ways, analogous to the path 
independence theorem, except we now consider the case where the path is a closed contour. 


Theorem5.10 Path Deformation. Let f(z) be analytic in a region R bounded by two simple 
closed contours C and C,, where C, lies inside C. Then 


f fede = f, F(z) dz. 


Proof. Connect C to Cy viaa contour L as shown in Fig. 5.3. Then the contour L — C} — L + C 
is the positively oriented boundary of a region in which / is analytic, hence, the Cauchy—Goursat 
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ae” 


Figure 5.4: Path deformation of C to several separate contours C;. 


theorem holds for this contour giving 


o=/ fede=f fede+f. fiydz+ [ seyde+ f fede 
=| fea-f feydz— | feydz+ [ fleyaz. 


‘The integrals along L cancel and so the result follows. O 


This theorem is important because it tells us that the value of /. f(z) dz does not change when 
we deform C continuously to any other path C, provided the deformation always moves through 
points where f is analytic. The same concept is true for the path independence theorem; the 
path from p, to pz may be deformed to any other path provided the deformation moves through 
points where f is analytic, and, in this case, provided the end points of the path remain at p; 
and p>. 


Example 5.11 Compute J = f+ dz, where C is the square with vertices +2 + 2i. 

Instead of finding a parameterization of C, which has four separate arcs, since 1/z is 
analytic everywhere except at z = 0 we may deform the path C to the unit circle centered 
at 0 whose parameterization is e!? 0 < @ < 2m. Then 


20 1 , 2n 
l= i —je!? dé = i i dé =2ni. 
0 @ 0 


‘The deformation of path theorem also clearly extends to the case where there are n closed 
curves inside C as depicted in Fig. 5.4. In this case one can connect each closed inner curve Cx 
to C byacontour Lx, 1 < k <n. Then 


b fleyde -r¢. f(z) dz. 


5.1.4 
Sly 


5.2 


5,3. 


5.4. 
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EXERCISES 


Describe all closed contours C for which the Cauchy—Goursat theorem applies for the 
given function f(z). 


(a) f(z) = : (b) f(z) = 21? (principal branch) 
Z z+3 
f= aH De) = ene) 
(e) fe) = 2) f(@) = Logle? 42 +4) 
og(z) —i 


In (e) and (f) the principal branch of log is assumed, that is, 
Log(w) = In|w| +7 Arg(w), —z < Arg(w) < Zz. 
[Hint: For (f) let w = z —2.] 


Let C; and C2 be the half circles, radius 1, centered at i going from 0 to 27 in the 
counter-clockwise and clockwise directions, respectively. Let —C be the same path as 
C, but going from 2i to 0, and similarly let —C2 be the same path as C2 but traversed 
from 2i to 0. 


(a) if [ sin(z) dz = 1 — cosh(2), what is J = / sin(z) dz? 
Ci 


2 


5 
(b) What is J = p — dz? 
eau ea lP 
2 2 
(c) rf, = - i dz = In(3) +iz, whatis J = [. 2 - ; dz? [Hint: It may be help- 


ful to let w = z? + 1.] 


Let C be the half circle, radius 1, centered at i going from 1+i to —1+/i in the 
counter-clockwise direction. Use the extension of the Fundamental theorem of calculus 


to compute 
Z 
i i ee dz 
cZ-+I 


[Hint: It might help to let w = z? +i and roughly sketch the contour C in the w- 
plane. ] 


For each of the following, specify some simply connected region R including the points 
Pp, and p2 in which the given function is analytic, and then use antiderivatives to com- 
pute {. f(z) dz, where C is any contour joining p; to p2 that is completely contained 
in R. If f(z) is a multivalued function, choose any branch but be sure to clearly specify 
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which branch you are using and be careful to define it so that the branch cut does not 
enter your region R. 


ajuyes: pi =—1-iv3, pp =1+iv3 
—2 

0) /O=s > pi = -1-iv3, p2 = -1+4+3i 

(c) f(z) = a pi=—4i, po=—1/2 


5.5. Let Log(z) = In|z| +i Arg(z) where —z < Arg(z) < z. 


(a) Find an antiderivative of Log(z). [Hint: Use integration by parts on 1 - Log(z).] 
(b) Using the antiderivative from (a), compute ae Log(z) dz. 


(c) Let C be the path defined by 2(0) = e!9, 2/2 < 0 < 3/2. This path joins i to 
—i. Compute /(, Log(z) dz via the definition of the contour integral. If the answer 
you obtain here is different than the one obtained in (b), explain why. 


5.6. For each of the following, use antiderivatives to compute f. f(z) dz. Express your an- 
swers in the form x + iy. 


1 
(a) f(z) = = C is the portion of the circle radius three centered at the origin going 
from —3i to 3i through the region Re(z) < 0. 
(b) f(z) = (z—i)"4, C is the straight line from py = —1 + 2i to p2 = —7i. 


5.7. Let I be the circle radius 2 centered at 1. Given that f eee dz = 2n, specify 
T 22 —2iz— 
. z—-i+l 
all circles C centered at 0 such that p ———_———._ dz =2n. 
c z*-2iz-1 


5.2 THE CAUCHY INTEGRAL FORMULAS AND THEIR 
CONSEQUENCES 


The Cauchy—Goursat theorem and the next theorem are the primary results of this chapter. 


Theorem 5.12 Cauchy Integral Formulas’. If f is analytic inside and on a simple closed 
contour C then for any point Zo interior to C we have 


OC ae ) UE ee eae (5.4) 
‘G 


Qni Jo (z—Z)"t1 


where C is traversed in the positive sense. 
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Figure 5.5: Circle Co centered at Zo of radius 6 inside C. 


Proof. First we prove the theorem is true for the case n = 0. (Recall that by definition, 0! = 1 
and f = f.) Since zo is interior to C and since f is continuous, we may select a small circle 
Co, of radius 6, centered at zo such that Co is itself interior to C (see Fig. 5.5) and such that the 
modulus of f(z) — f(Zo) is small. To be precise, for any given € < 0 we may choose 5 > 0 such 
that Co = {z | |z — zo| = 6} is interior to C and 


|z—zo| <6 = | f(z) — f(Zo)| <«. 


Now f@) is analytic between C and Co, thus by the deformation of path theorem 
Z—ZQ 


10-4 42a 


Cc 2-20 Co 2 — 20 


[= 


We now add and subtract the same quantity from J to obtain 


f(z) — fo) ae) I (Zo) eo 


Co Z—Z0 Co 2 — 20 


‘The latter of these can be evaluated directly using the parameterization z(t) = zo + de’ for Co: 


on 20 
Ff (Zo) = I (Zo) ¢ cit dt = f(zo)i dt = f(Zo)2m7i. 
Co 7 — 20 y, <86e 


For the former we have 
f(2)= feo) 4, 


Co Z— Zo 


< ML, 


where L is the length of Co and M is the maximum of the modulus of the integrand on Co. But 
clearly L = 275, and M < «/6, hence, ML < 2z€. Since € is arbitrarily small, we conclude that 
f@)= feo) , 


z =0. Therefore, J = f(zo)2i, which completes the proof for n = 0. 
Co Z—Z0 


?Technically, the case n = 0 in the theorem is called the “Cauchy integral formula” and the case 2 > 0 is sometimes 
called the “generalized Cauchy integral formula” or the “Cauchy integral formula for derivatives.” 
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We now prove the theorem for the cases n > 0 by using induction on n. Assume that (5.4) 
holds forn = N —1, N > 0, then 


F(20) = & [f@Q)] = A E —$ a:| 


Z0 dzo 2ni (z — zo)% 


_ (N-1)! d 1 
= eb G (Goa) # 


_(N=D! N _N! f() 
Oni b (O~— ee 2Qni b (z — Zo) N+} ae 


Thus, by induction, the formula holds for all n > 0. O 


This theorem is a really remarkable result for two reasons. First, it says that when f is 
analytic the values of f inside C are completely determined by the values of f on C. Second, 
it says that every analytic function has derivatives of a// orders. Such a statement is certainly 
not true for real-valued functions of a real variable. For example, f(x) = x*/? has derivative 
f')= axi/ 3 which is defined and continuous for all x, but f(x) = 4x7/ 3 is not defined at 
x=0. 

The fact that we have now shown that analytic functions have derivatives of all orders, 
brings us back to the discussion of the Cauchy—Goursat theorem. Recall that Cauchy proved the 
theorem (as did we) by imposing the extra assumption that f’ was continuous. Goursat however, 
gave a proof without this additional restriction. The result of the Cauchy—Goursat theorem was 
used to prove the path deformation theorem, which in turn was used in the proof of the Cauchy 
integral formulas, which tell us that analytic functions not only have continuous derivatives, but 
in fact differentiable derivatives. If Goursat had not given his proof then it would still be possible 
that there exists some analytic function (which means it has a derivative) but whose derivative is 
not continuous. In that case, Cauchy’s proof of the Cauchy—Goursat theorem would not apply 
to that function and so you would not be able to deform the path and would not be able to prove 
the Cauchy integral formulas for such a function. But as it is, Goursat’s proof of the Cauchy— 
Goursat theorem means that the Cauchy integral formulas most hold for any analytic function, 
hence, all analytic functions have derivatives of all orders and so all derivatives are continuous. 
Thus, Cauchy’s extra assumption was valid. 

The Cauchy integral formulas are often used in reverse, that is, rather than computing an 
integral in order to find the value of a derivative, one usually applies the formula in the other 
direction, obtaining the value of an integral by computing the value of a derivative, as the next 
three examples illustrate. 


Le 


Example 5.13 Compute / = ‘) = dz, where C is the circle |z| = 2. 
EG 2 
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If we define f(z) = e’? and zp = 0, then by the Cauchy integral formulas 


f@) Dh UH 5) , 
t=$ “So ae= a a (OVS Se) = ae. 


cos(zz/3) 
z2—] 
ary of the rectangle with vertices 0 +i and2 +i. 
We note that z? — 1 = (z — 1)(z + 1) and that 1 is interior to C but —1 is not. We 


therefore write 
p cos(z/3)/(z + 1) 
{= We. 
C z—1l 


Example5.14. Compute J = dz, where C is the positively oriented bound- 


Now f(z) = cos(z/3)/(z + 1) is analytic inside and on C, and Zp = 1 is interior to C, 
hence, by the Cauchy integral formula 


cos(s/3) 


I = 2nif(\) = 2zi ( A 


) = Ti CON) 3) = a 
2 
Bo = : : 
Example 5.15 Compute J = —) —;——— dz, where C is the circle |z| = 2. 
GE +1 


Here we have z? + 1 = (z —i)(z +i) but both +7 and —i are inside C. Since these 
are the only two singularities of the integrand we deform the path C to two small circles 
C, and C) around i and —i, respectively. Then 


Ze = Di ge = Di 
= b, @-DE@+H dt CE 
(Se) poe (= ye =) es 
C1 zZ—1 C2 Bae ll 


The numerator of each integrand on the right is analytic inside the respective contour, so 
we may apply the Cauchy integral formula to each of the above integrals giving 


I = 2ni (SS) 2m (*) = x1 31) — x(—i) = —2zi. 
ap = = 7 
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| Flaw =f(z) F(z) = fore is well defined 


F(z) is an antiderivative of f(z) Fundamental 


take any path from 4 to zin R 


theorem of 
calculus Path 
independence 
theorem 
analytic in R z)dz=0, VCCR 
Morera’s lama Cauchy-Goursat {4 fiz) ) 
theorem theorem Path 
deformation 
theorem 


fe) Hy f rae 


deriviatives of all orders exist 


t flejdz =, fledz 
if fis analytic between C and C, 


Cauchy 
integral 
formulas 


Figure 5.6: Relationship between contour integral theorems. 


5.2.1 MORERA’'SS THEOREM 


The Cauchy integral formulas have many consequences, and the next sections will be devoted to 
enumerating them. However, in this section we will state and prove Morera’s theorem, which is 
the converse of the Cauchy—Goursat theorem.? 


Theorem 5.16 Morera’s Theorem. If f is continuous in a simply connected region R and if 
fo f(z) dz = 0 for every simple closed contour C in R then f is analytic in R. 


Proof. We have already shown that &. f(z) dz = 0 for all simple closed contours C in R im- 
plies path independence in R and this implies the existence of an antiderivative F(z) such that 
F'(z) = f(z) in R. Thus, by definition F(z) is analytic in R. Then, by the Cauchy integral for- 
mulas we have that F must have derivatives of all orders and in particular F(z) = f'(z) exists. 
Hence, f is analytic. O 


Figure 5.6 displays the relationship between the theorems we have covered so far in this 
chapter. The boxes represent statements and the arrows correspond to theorems. The figure is 
intended to convey these relationships based on the presentation of these theorems and their 


3 Giacinto Morera (1856-1909) was an Italian engineer and mathematician. 
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proofs that we have used in this text. The arrows point to the result of the corresponding theo- 
rems, however they emerge not from the hypothesis of the theorem but from the key element 
needed in the theorem’s proof. Indeed, for each of the theorems mentioned in the figure except 
Morera’s theorem, the hypothesis is that f is analytic in a region R, which is the middle box 
on the left. Consider, for example, the Path independence theorem. The key feature needed in 
its proof is the statement that the integral of f around all closed contours in R is zero, which is 
the middle box on the right. But the middle box on the right follows from the middle box on 
the left by the Cauchy—Goursat theorem. 


5.2.2 CAUCHY’S INEQUALITY 


Theorem 5.17 Cauchy’s Inequality. Jf f is analytic inside and on a circle C of radius R 


centered at Z = Zo then 
Mn! 
feo] = =, n=0,1,2,..., 


where | f(z)| < M onC. 


Proof. By Cauchy’s integral formulas we have 


n! f(z) 
Qni ) (z —zo)"*! dz : 


But on C we have | f(z)| < M and |(z — zo)”*"| = R"*t!, and the arc length of C is 27R, thus 


lf (e0)| = 


ta) n! M = Mn! 
ie (20) = (gn (27R) = Rn 


5.2.3. LIOUVILLE’S THEOREM 


Joseph Liouville (1809-1882) was a French mathematician whose name is attached to the fol- 
lowing theorem. 


Theorem 5.18 Liouville’s Theorem. If f is an entire function (analytic on all of C ) and if 
it is bounded, that is, there exists a positive number M such that | f(z)| < M forallz € C, then 
ff is a constant. 
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Proof. Choose a point Zo and a circle radius R centered at zo, and put n = | in Cauchy’s in- 
equality, then 
M 
|f '(zo)| s oa 


Now take the limit as R + oo. (This is possible since f is analytic everywhere.) We conclude 
that | f’(zo)| = 0, hence, f’(zo) = 0. This is true for any zo in C, which implies that f(z) is a 
constant. O 


5.2.4 FUNDAMENTAL THEOREM OF ALGEBRA 


With Liouville’s theorem in hand we can now give a proof of the Fundamental theorem of 
algebra. 


Theorem5.19 Fundamental Theorem ofAlgebra. Every polynomial P(z) = ay + a1z + 
-»+aynz”" withn = | and ay # 0 has at least one zero, that is, there exists and least one value 
Zo such that P(Zo) = 0. 


Proof. Suppose P(z) has no zero, then f(z) = 7 AG D is an entire function. If we can show that 


f(z) is bounded, then by Liouville’s theorem, f(z) must be a constant, which is clearly a con- 
traction since P(z) is not constant. Hence, the assumption that P(z) has no zero must be false. 
‘The remainder of the proof is simply to show that f(z) is bounded. 
Consider a circle radius R > 1 centered at the origin, and write P(z) = z” (dn + w), where 
ao ay an-1 


—— | Bou al 
a "og 


The function | f| is continuous on the closed bounded set |z| < R, hence, by Theorem 2.2, | f| 
must be bounded on that set. For |z| > R we have 


|P(z)| > R" lan + w| = R" (lan| —|-w)), 


which we obtained via the triangle inequality: |A — B| > |A| — |B|. But, since R > 1, 


|—w| = |w| = bh <' OIF 


a 
“|< aE vel <ne, where A= max |ax|. 


0<k<n-1 


zn-k 


We now choose R > max ce Tact ma), then |—w| < [en eo that 


for |z| > R. 


R” 


2 2 
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Therefore, 


2 
| f(z)| < lan) R for |z| > R. 
n 


We conclude that | f(z)| is bounded on all of C. This completes the proof. O 


The Fundamental theorem of algebra (FTA) is often stated as the following corollary. 


Corollary 5.20 Alternate FTA. Every polynomial equation P(z) = dao +a1z2+-++-+ 
anz" = 0, with an # 0, has exactly n roots, some possibly repeated. 


Proof. Apply the FTA to P(z) to find a zero z;. Then we may factor out this zero and write 


P(z) = (z—21) [bo + biz +++ + bn-12"""], 


where bn; = dy # 0, and the remaining b; are appropriate combinations of the ay. We may 
now apply the FTA to the degree n — 1 polynomial in brackets above to find another zero Zp. 
Continuing in this manner we have 


P(z) = (2 — 21) (2 — Z2)++* (Z — Zn) an. 


‘Thus, each of zeros 21, Z2,..., Zn are roots of the equation P(z) = 0. O 


5.25 GAUSS’ MEAN VALUE THEOREM 
Theorem 5.21 Gauss’ Mean Value Theorem. [Jf f is analytic inside and on a circle C cen- 
tered at Zo with radius R then f (Zo) is the mean of the values of f(z) on C, that is, 


20 
oo ff G0+ Rel"). 


Proof. A parameterization for C is z(t) = zo + Re’’, 0 <t < 22. From Cauchy’s integral for- 
mula we have 


1 20 R it . 1 20 ; 
fh 2 aps PO Pet pit = + [pega Re hat. 
2mi Jo Z— 20 2ri Jo Ret 2 Jo 


I (Zo) = 


zl 


5.2.6 MAXIMUM MODULUS THEOREM 


This next theorem will have significant consequences for harmonic functions. Recall that a do- 
main is an open connected set. 
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Theorem 5.22 Maximum Modulus Theorem. Jf f is analytic in a domain D then either 
F(Z) is constant in D or | f(z)| does not attain a maximum in D. 


The domain here may be multiply connected. Before proving this theorem we state a corollary 
in the case where the domain is bounded. 


Corollary 5.23 If f is analytic in a bounded domain D with boundary C, and if f is con- 
tinuous in D = D UC, then either f(z) is constant in D or | f(z)| attains its maximum on the 


boundary C. 


Proof of Theorem 5.22: Suppose the maximum of | f(z)| occurs at z9 € D. Then by Gauss’ mean 
value theorem, for some R, sufficiently small so that the circle radius R centered at Zo is also in 
D, we have 


1 2n . 1 20 7 
Peo = =| f f (Zo + Re’) dt <~[ | f(zo + Re'’)| dt. 
Qn 0 Qn 0 


Suppose | f (Zo + Re'?)| <|f(Zo)| for some fixed fo. Then, by continuity of f, 
| f (Zo + Re'')| <|f(Zo)| on some interval [fo — 5,f9 + 6], with 6 > 0. Since for no other 
t can we have | f (zo + Re'’)| > | f(Zo)|, we conclude that 


1 20 ; 
a | f(zo + Re’)| dt <|f(zo)|, 
0 


which is a contradiction. Therefore, either f(z) is constant or | f(z)| does not attain its 
maximum in D. O 


Proof of Corollary 5.23: Inside D the theorem holds so either f(z) is constant in D or | f(z)| 
does not attain its maximum in D. If f is constant in D then by continuity it is constant on 
D. In the case that f is not constant, since D is closed and bounded, by Theorem 2.2 the 
continuous function | f(z)| must attain its maximum in D. Since the maximum cannot be in D 
it must be on C. O 


Since the real and imaginary parts of an analytic function are harmonic functions, The- 
orem 5.22 places constraints on harmonic functions. Before stating and proving that result we 
first prove that harmonic conjugates always exist. 


Theorem 5.24 Existence of Harmonic Conjugates. [fu is harmonic in a simply connected 
domain D, there exists a harmonic function v in D such that f =u + iv is analytic in D. 
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Proof. Choose a point (x9, yo) € D and select a value vp. Define v(x, yo) = vo and for other 
points in D define 


voy) = [ -w(s.1)ds-+us(s.0) dt 


where C is some path from (x9, yo) to (x, y) that is completely in D. For the above definition 
to be sensible, it must be independent of the particular path C in D that is chosen. For any two 
such paths C; and C2, define C3 = C; — C2, and let R be the region bounded by C3. Then by 
Green's theorem (Theorem 5.1 with P = —u; and QO = u;) we have 


) —u;(s,t)ds +us(s,t)dt = | ((us)s — (—u;z)+) dsdt = | Uss + Uz, dsdt = 0, 
C3 R R 
since u is harmonic in D. Therefore, 


[sun ds+uscs.nae = [ —u;(s,t) ds + us(s,t) dt, 


1 2 


showing that v is well defined. Due to path independence, a path from (xo, yo) to (x + Ax, y) 
can be taken as C plus the straight line L from (x, y) to (x + Ax, y)onwhicht = yanddt = 0, 
thus from the definition of the derivative, 


. 1 
vst. y) = tim, | f u,ds + us dt [owas tuca| 
x+Ax 


: 1 . 
= iim ad —u;ds +usdt = Jim ean —Uy(s, y) ds = —uy(x, y). 


Similarly, we can show vy = ux. Hence, the CR equations hold, and since the partial derivatives 
of u are continuous so must be the partial derivatives of v. Therefore, f = u + iv is analytic in 
D. O 


The arbitrary value vo in the above proof shows that harmonic conjugates are only unique up 
to a constant. It is also worth remarking that harmonic conjugates also exist if the domain D 
is multiply-connected. In this case the value of v may not be independent of path since two 
paths going opposite ways around a hole in D may yield different values for v. In other words, 
v may be a multivalued function. A simple example is u = } n(x? + y?), which has harmonic 
conjugate 


v = arctan (*) + 2k + vo, keZ, 
x 


for any constant vo. In this case the function f = u + iv is an appropriate branch of log(z) + vo. 
We are now prepared to see how the Maximum modulus theorem constrains harmonic 
functions. 
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Theorem 5.25 Maximum Principle for Harmonic Functions. [fu is a harmonic function 
in a domain D and if it attains its maximum or minimum value at some point zo € D, then u is 
constant in D. 


Proof. First suppose D is simply connected. Given u, construct the harmonic conjugate v 
(which, by Theorem 5.24 is always possible) so that f = u+iv is analytic. Now consider 
g =e. This function is analytic also and 


\g| _ le’| = eres = \e"| |e’”| = je”. 


Clearly, |g| is a maximum when u is at a maximum. Therefore, by Theorem 5.22, if u attains a 
maximum on D then g and therefore u must be constant. The result for the minimum follows 
similarly by considering g = e~/, which is also analytic. 

Now in the case where D is multiply connected, one can add in contours L; from the 
outer boundary to each inner boundary as in Fig. 5.4 to produce a simply connected region on 
which the theorem must hold. However, because the precise location of the L; is arbitrary, the 
maximum and minimum values of u cannot occur on any of the L;, since if they did, then a 
slight movement of the Lj would produce a simply connected region where the maximum or 
minimum values occurred in the interior, violating the above proof. O 


The maximum principle for harmonic functions can be viewed simply as a result about 
functions on R?. Often, as with the maximum modulus theorem, it is stated slightly more 
strongly in the case when the domain is bounded. 


Corollary 5.26 = [fu is a harmonic function on a bounded domain D with boundary C and 
continuous on D, then u attains its maximum and minimum values on C. 


5.2.7. MINIMUM MODULUS THEOREM 


There is also a similar theorem for the minimum modulus of an analytic function, but it requires 
the additional restriction that f(z) cannot be zero. 


Theorem5.27 Minimum Modulus Theorem. /f f is analytic ina domain D and f(z) # 0 


in D, then either f(z) is constant in D or | f(z)| does not attain a minimum in D. 


Again we state a corollary before proving both. 
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Figure 5.7: Domains and moduli for Example 5.29; | f'| is the distance to z = 2. 


Corollary5.28 If f is analytic in a bounded domain D with boundary C and if f is continuous 
in D and f(z) # 0 in D, then either f(z) is constant in D or | f (z)| attains its minimum on 
the boundary C. 


1 
Proof of Theorem 5.27: Let g(z) = F@ Then, since f(z) #0 in D, g(z) is analytic in D 
Zz 
and the Maximum modulus theorem applies. Hence, either g(z) is constant in D or |g(z)| does 
not attain a maximum in D. Therefore, either f(z) is constant in D or | f(z)| does not attain 


its minimum in D. O 


Proof of Corollary 5.28: This proof is the same as the proof of Corollary 5.23 with the word 


“maximum” replaced with “minimum.” O 


Example5.29 Let D, be the interior of the square with vertices +1 + i, and let D2 be the 
interior of the rectangle with vertices 1 + i and +4 + 7. Find the maximum and minimum 
modulus of the function f(z) = z — 2 on D,; and on Dp. 

‘The situation is illustrated in Fig. 5.7. For this function, | f'| is simply the distance 
to the point z = 2. Both the maximum and the minimum modulus theorems apply for 
Dy, and it is not difficult to see that the maximum of | f| on D, is 10, which occurs at 
the two corners z = —1 +i, while the minimum of | f| is 1, which occurs at z = 1 along 
the right boundary of D;. For D2, the maximum modulus theorem applies but not the 
minimum modulus theorem since f(z) = 0 at z = 2, which is inside D2. This is clearly 
the location of the minimum of | f |. The maximum of | f'| is 5, which occurs at the two 
corners z = 4+7 of Do. 
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5.2.8 POISSON’S INTEGRAL FORMULAS FOR THE CIRCLE AND 
HALF-PLANE 


‘The next two consequences of the Cauchy integral formula are attributed to Siméon Poisson 
(1781-1840). 


Theorem 5.30 Poisson's Integral Formula for the Circle. Let f be analytic inside and on 
a circle C defined by |z| = R. Then ifr < Randz= rel? we have 


oe il [ ie i r) f (Re??) 7 1 Ne (R?2 ae roy (Re?) 
DEN Qn R2 — 2Rr cos(6 — ) + r2 Bs 2m Jo | Rei? — rei8|? ne 
(5.5) 
Proof. By Cauchy’s integral formula 
f(re’®) = of f(z) (5.6) 


2ni Jo z—reie® 
eee . 
‘The point Rei8 lies outside C, hence, 
1 f(@) 


— Oni soz—Reid 
72 


since the integrand is analytic inside C. Subtracting this quantity from both sides of (5.6) we 
obtain 


age Cees BC a 
Cc (z — re?) (z= Heit) 

(r-) #@e"* 

2ni ‘) g? = ott (r ih x) + R2ei28 


7 eee aes 


2mi Jo 22 —zei®1 (r2 + R2) + R2ei26 


f(rel*) = 


Z 


But on C we have z = Re’?, so 
fa 20 (R2 _ r?) f (Re? el? (=) 
fre’) = ni [ R2ei26 — Rei(6+9) (r2 + R2) + R2ei24 
ee (R? — r?) f(Re'®)(—i) 
~ Oni [ Rrei@-9 — (72 + R2) + Rrei@-9) 
1 (2 (R21?) f(Rel#) 
~ Bee [ R? — 2Rr cos(@ — ¢) + r? 


Rie’? do 


dp 


do. 
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To see that the second equality in (5.5) is true, note that the denominator is 
7 (Re'# _ re?) (Re“i# _ fe) = R2— RreiO-9 _ Rpei-9) 4 ,2 
= R* —2Rr cos(6 — ¢) +r”. 


|Re'# —yel? 
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O 


If we write f(re!®) = u(r, 0) + iv(r, 0) then taking the real part of (5.5) it immediately 


follows that 
(R? —r?)u(R, ¢) 


20 
ne 20 [ R2 —2Rr cos(6 — ¢) + r? 


dd, G7) 


and a similar equation holds for the imaginary part v. Since u is a harmonic function, the above 


formula may be used to solve Laplace’s equation on a disk with the value of u being prescribed 


on the boundary. 


Example 5.31. Consider a disk of radius 1 that is held at temperature 3 along one half of 
the boundary and temperature 0 on the other half, that is, 


3 iO < @ = a, 
0) tia <@ < Dr, 


nil, @) = 


Find the steady-state temperature u(r, 9) in the disk. 

‘The temperature wu satisfies the heat equation u; = Au. At steady state, the time 
derivative is zero, so u satisfies Laplace’s equation. This means u is a harmonic function and 
we may apply Eq. (5.7). Choose a circle radius R < 1 and take the limit as R approaches 1. 


ene ey ae (R? —r?)u(R, ¢) 
lim i do 
R>12n Jo R2—2Rrcos(6 — $) + r? 


i a (l= -)2 ae (= 770) 
Digg | 1+ r2—2rcos(6 — ¢) ap+ | 1 -+ r2 — 2r cos(0 — @) aa) 


u(r, 0) 


Sos fe l=? 
/ dg. 
2x Jo 14+77—-2rcos(@—¢) 
This integral is a difficult exercise in real variable calculus involving a substitution t = (6 — 
¢)/2, the use of a double angle formula and other trigonometric identities, a splitting of 
the range of integration, and significant algebraic manipulation. ‘The result is 


a [arctan (= tan (35%) + arctan (eS tan ($))] iO <@ <a, 
Ae) = 
3 [arctan — tan (45%) + arctan — tan (4)) ab | ifa <0 <2nz. 


As necessary, in the limit as r > 1~ the above function approaches 3 if 0 < 9 < m and 
approaches 0 if 1 < @ < 27. (See Example 8.9 for another way to solve this problem.) 
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Figure 5.8: Contour C = L +T used in the proof of Poisson's integral formula for the half- 
plane. 


‘The next theorem is an analogous result for the half-plane. In this case, to prove the the- 
orem, a half-circle contour is chosen, along which, in a certain limit, the integral is zero. 


Theorem 5.32 Poisson’s Integral Formula for the Half-Plane. Let f be analytic in the 
upper half-plane and let z = x + iy be any point in this upper half-plane, that is, y > 0. Also 


assume that lim|z|-+00 | f (z)| < M |z|* for some real number a < 1. Then 


eh ey) ee iS BV) 
f@o=—f a dof ae (5.8) 


Proof. Choose R > |z|. Consider the contour C made up of the line segment L from —R to 
+R on the real axis and the semi-circle I of radius R centered at 0 and in the upper half-plane, 
as shown in Fig. 5.8. Since f is analytic inside and on C, by the Cauchy integral formula we 
have 


f= ¢ 


2ni Jo w—-Z 


dw. (7) 


‘The point Z is outside the contour C, hence, 


34 IM) 4 
= oe —= av, 
2ni Jo W-Z 
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since the integrand is analytic inside C. Subtracting this quantity from both sides of (5.9) we 
obtain 


I fw) —2)— fw) 2) 4, 


2mi Ic (w — z)(w —Z) 


1 p i2yf(w) 
= : — dw 
Qni Jo w2-2xw+27 


1 i2yf(w) i2yf(w) 
; —-dw+ | ———— dw}. 
Qni | Jp w2 —-2xw+ 22 p w2—2xw+ 27 


For the integral along T’, we have w = Re'?, 0 < # < x, andthe arc length of I is 7R. Therefore, 


fF) 


i2yf(w) i2yf(Re'®) 
lim #1 —— dw| < lim max - : —|7R 
R>0o | Jp w?2 —2xw + zz R00 0<¢<z | R2e!2% — 2x Re!? + 27 
; 2\y| MR? 
< lim max aR 


R00 0<$S7 p2]1 2x _lzl 


Reid ' R2ei26 
_ 2|y| Ma 
= lim —H 


R->oo Ri-a 


=0; 


since a < 1. Therefore, in the limit as R — oo only the integral along L remains. On L we have 
w = &, thus 


dé. 


f@) = 2ni [. &2—2xE+x2+y2 "x 
‘The second equality in the theorem statement follows from the fact that 


l6-—2|? = (€-2)€-F = 8 —€@ 427427 = 8 —2xt x? +y? = (E-x)? +’. 


As in the case for the circle, we may take the real and imaginary parts of (5.8) to get 


_ 1? yuo) 
Won af gantatt 


and a similar formula for v(x, y), where f =u + iv. 


Example 5.33 Find a solution of Laplace’s equation on the half-plane y > 0 that satisfies 


Pte pl eccy 


0 otherwise. 


mae. 0) = | 
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Using Poisson’s real part of the integral formula for the half-plane, we have 


Lee eG ae oes 
weno fp er d= = f et 


Using the substitution t = (& — x)/y this becomes 


Sas. 
af os al 1 2 
u(x,y)= iL : “= = [arctan(s)] - 


Gy} =s=x foil =k 
y wv 


 [sstan (75) ~ arta (==) 
= — | aircwain || —— |) — arcinia ; 
TU y y 


5.2.9 EXERCISES 


5.8. Let C be the circle of radius 4 centered at the origin. Use the Cauchy integral formula 
to compute 


sin(5z —7) Log(z + 7 — 5i) 
a) f a 0) b se ae 


where Log(z) is the principal branch of the logarithm. 


il Zt 
5.9. Let C be the circle |z| = 4. Show that —$ f— dz =sint. 
Qni Jo z*7+1 


Log(z —4 +i 
5.10. Let I, = p eo Ce) 

C (z = 3)yntl 
side, n is a nonnegative integer, and Log(w) is the principal branch, namely, Log(w) = 
log |w| + i arg(w), with —z < arg(w) < x. 


dz, where C is a simple closed contour with 3 on its in- 


(a) If one wishes to use the Cauchy integral formula to compute J, what restrictions, 
if any, need to be applied to C? 


(b) Using the Cauchy integral formula, compute Ig. 


5.11. Let C be the unit circle centered at the origin. First show using Cauchy’s integral for- 


mula, that 
et 
) — dz = 2ni, 
C 4 


for any real constant a. Now parameterize C in terms of @ and write the above integral 
in terms of an integral in @ to derive the integration formula 


Tw 
id e489 cos (asin) dd =X. 
0 
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5.12. Let f be an entire function such that | f(z)| < A |z| for all z, where A is a fixed positive 
number. Show that f(z) = az where a is a complex constant. [Hint: Use Cauchy’s 
inequality for f” with a circle radius r centered at zo, to show that f” = 0. First you 
will need to show that the constant M in Cauchy’s inequality is less than or equal to 
A(|Zo| +r). A different way to solve this problem is to show that the limit as z > 0 
of f(z)/z exists, and then define a function g as g(z) = f(z)/z when z ¥ 0 and g(0) 
equals the limit. Then argue that g is entire and apply Liouville’s theorem to g.] 


5.13. Suppose that f(z) = u(x, y) + iv(x, y) is entire and that u is bounded from above, 
that is, u(x, y) < M for all (x, y) in the plane, where M is a finite constant. Show 
that u(x, y) must be a constant throughout the plane. [Hint: Use Liouville’s theorem 
and consider the function g = e/.] Is the result still true if wu is bounded from below 
(u(x, y) = M)? 


5.14. Evaluate each of the following integrals using Gauss’ mean value theorem. 


20 . 20 1 +e? 
4 id 
(a) [ cos (x/3 + 3e ) dé, (b) i a “16 4 


5.15. Let f(z) = z* + 4z. Find the maximum and minimum values of | f(z)| on the disk 
|z| < 3. Also indicate where on the disk these maximum and minimum values occur. 


5.16. Let f(z) = log(z), where the branch cut is on the positive x-axis and 0 < arg(z) < 
2x. Find the maximum and minimum of | f(z)| on the semi-annular region R = 
{zeC :1<|z| <2, 5 <arg(z) < SEN 


5.17. The function u(x, y) = 2x(1 — y) is harmonic. Find the maximum and minimum of u 
on the disk radius two centered at the origin and indicate where these extrema occur. 


5.18. The steady-state temperature, u(x, y), for a two-dimensional material satisfies Laplace’s 
equation, i.e., it is a harmonic function. Consider a material covering the entire upper 
half-plane, y > 0, where the boundary temperature is given by 


—|x| if |x| < 20, 


u(x,0) = 
0 otherwise. 


Use Poisson’s formula to find u(x, y) on the upper half-plane. 


5.3 COUNTING ZEROS AND POLES 


In this section we consider several theorems that are concerned with the number of zeros and 
poles of a function within a region. These theorems rely on the fact that near a zero/pole zo of 
order m the argument of a function changes like +m arg(z — Zo). 
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Figure 5.9: Deformation of the path C to circles C; around zeros and circles I, around poles. 


5.3.1 ARGUMENT THEOREM 


Theorem 5.34 Argument Theorem. Let f be analytic inside and on a simple closed contour 
C except for a finite number of poles inside C. Suppose f has a finite number of zeros inside C 
and that f(z) #0 0n C. Then 


ALR) 
Dae We jf) 


where N is the number of zeros and P the number of poles of f inside C, respectively, counting 
order (for example, a pole order two counts 2, etc. J. 


gn = IN = IP, 


Proof. By the assumptions of the theorem, the integrand is analytic except at poles of f and at 
zeros of f. There are a finite number of such. (By Theorem 6.39 in Chapter 6 it follows that an 
analytic function can only have a finite number of zeros in a closed bounded set unless it is the 
constant zero function.) By the Path deformation theorem we can deform C to be a set of small 
circles Cj each enclosing exactly one zero, z;, and small circles Ty each enclosing exactly one 
pole, ¢,, as illustrated in Fig. 5.9. Then 


f'®) f'@) 4 f'®@) j 
d = 
2 Fe) VLR, Fe Vt LE, Fe 4 


Consider C; and its interior, where f has a zero at z; of order n;. From Definition 3.18 we may 
write 


f(z) =(@—-2;)” g(z), Vz inside and on Cj, (5.10) 


where g(z) is analytic and, assuming C; is chosen small enough, is not zero inside and on Cj. 
Using the product rule it is then easy to see that 


fi@ _ 4 , 8’@) 
f@) 2-7 8) 
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Therefore, 


Lt f@, my f dz 1 " g'(2) 
d = d = j 0, 
ani Jc; F(Z) 201 b. Z—Zj = 2ni Jc, g(Z) a as 


where we have used the Cauchy integral formula on the first term and the Cauchy—Goursat 
theorem on the second. 
Similarly, by Definition 3.26, provided I’, is chosen small enough, we have 


= ——_., Vz inside and on Ig, (5.11) 


where ¢; is a pole of order px and G(z) is analytic and not zero inside and on Tg. Differentiating 
f it is again easy to see that 

f'@) _ Pe, G) 

f@—  z-& Gz) 


Therefore, 


1 f'(z) Pk f dz 1 f G'(z) 
d = } d = 0, 
2ni Jr, f(z) 7 2ni Jp, Z—Se =. 2a: Jp, ~G(z) cau 


We now sum over j and k to get 


i a) . = 
a oe ee P. 


O 


‘The reason this theorem is called the “Argument” theorem will become more apparent 
when we prove the Argument principle in Section 5.3.3. Primarily it has to do with the fact that 
log(f(z)) is a local antiderivative of f’/f. Let w = f(z) and let I be the image of C in the 
w-plane under the mapping /. As C is traversed once, P may cross the branch cut for log(w) 
multiple times. Nonetheless, the contour I’ can be divided into a number of subcontours each 
starting and ending on the branch cut. Evaluating log(w) at each of these points, and noting that 
the argument of w changes by 27 from one side of the branch cut to the other but the modulus 
is unchanged, it follows that the integral of w’/w along I only depends on the argument of w 
and ends up being 277 times the net number of times the branch cut was crossed. 


i) (z2 —4z + 442i) 
hi = 
DG eNO peri ae 
the circle radius 3 centered at the origin. 


Example 5.35 Compute J = , and C is 
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By the quadratic formula, the numerator of f is zero when 
7 = PG) = a = i = 3 ee 


But 3 —i is outside C, so the only zero inside C is z = 1 +i, which is a zero of order 2. 
Applying the quadratic formula to the denominator of f we find 


ZS =f as a/Hll 4p 2S acll =, 
Both these points are inside C and they are poles of order 3. Therefore, 


I =2ni (2-6) = —8ni. 


5.3.2  ROUCHE’S THEOREM 


Rouché’s theorem relates the number of zeros for two functions inside a simple closed contour 
based on their magnitudes on the contour. Eugéne Rouché (1832-1910) proved the theorem 
that we give below as Corollary 5.38 in the mid-1800s. An improved version of the theorem 
with a weaker hypothesis was first published by Glicksberg [1976], which we now state and 


prove.* 


Theorem 5.36 Improved Rouché’s Theorem. Jf f and g are analytic inside and on a simple 
closed contour C and if | f(z) + g(z)| < | f(Z)| + |g(Z)| on C, then f and g have the same 
number of zeros inside C (counting order). 


Proof. By triangle inequality we know that 
IfO+s@lslf@Ol+ls@l — forallz onc. (5.12) 


It is clear that equality holds in (5.12) if and only if one of f or g is a non-negative multiple of 
the other. The theorem hypothesis is simply that equality cannot hold in (5.12). Let h(z,t) = 
ae —t, for z inside and on C, and t € R. Since f and g are analytic on C, it follows that the 
theorem hypothesis implies that h(z, t) is analytic on C and 


h(z,t) £0, VzeC,O0<t. 


Therefore, 
dh(z,t) 


1 
1@ =—-o —#—4a 
O= si ) h(z,t) - 


‘Trving Glicksberg (1925—) was a mathematics professor at the University of Washington. The author first became aware 
of this improved version from the text by Matthews and Howell [2012]. 
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is a continuous function of t fort > 0, and, by the Argument Theorem 5.34, /(t) is an integer: the 
number of zeros of h(z, t) less the number of poles of h(z, t) inside C. The only way a continuous 
function of ¢ can be an integer is if it is a constant. But, the numerator of the integrand in the 
expression for [(t) is actually independent of t and the modulus of the denominator tends to 
oo for large t, so lim; I(t) = 0. We conclude that /(t) = 0. Further, h(z,0) = f(z)/g(z), 
hence, 1(0) = N¢ — Ng where Nf is the number of zeros of f and Ng the number of zeros of 
g inside C. (Recall that f and g are analytic, and the poles of f/g are therefore the zeros of g.) 
Since [(t) = 0 it follows that Nr = Ng. O 


Corollary 5.37 If f and g are analytic inside and on a simple closed contour C and if 
| f(z) — g(z)| < |f(Z)| + lg(2)| on C, then f and g have the same number of zeros inside C 
(counting order). 


Proof. The corollary hypothesis is equivalent to 
If) + Ca) < IF@I/ + l-s@I. 


thus by Theorem 5.36 f and —g have the same number of zeros inside C. But —g and g must 
clearly have the same number of zeros. O 


Rouché’s theorem is usually given in terms of a function F and a perturbation G. If the 
modulus of the perturbation is not as large as the modulus of F on the curve C the result is that 
perturbing F by G does not change the number of zeros. We give this formulation of Rouché’s 
theorem in the next corollary. 


Corollary 5.38 Rouché’s Theorem. Jf F and G are analytic inside and on a simple closed 
contour C and if|G(z)| < |F(z)| on C, then F and F + G have the same number of zeros inside 
C (counting order). 

Proof. Define f = F and g = F + G, so that G = g — f. Then 


IG@I<IFQ) = IfO™t+s@l<lfOl = lf@-s@l< lf, 


and so the result immediately follows from Corollary 5.37. O 


Although Corollary 5.38 is clearly a weaker form of the theorem, it is generally adequate 
for most problems. 


Example 5.39 How many roots of P(z) = 2z° — 6z? +z +1 = 0 lie in the region 1 < 
lz < 2s 
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Let F(z) = —6z? and G(z) = 2z° +z +1 then on |z| = 1 we have |F(z)| = 6 and 
|G(z)| < 4. Therefore, applying the theorem we know that the number of zeros of P inside 
the circle radius 1 is equal to the number of zeros of F inside this circle, which is 2 (one of 
order 2). 

For the disk |z| < 2, take F(z) = 2z° and G(z) = —6z” +z + 1. Then | F(z)| = 64 
and |G(z)| < 27 on |z| = 2. From the theorem then, the number of zeros of P inside |z| = 2 
is equal to the number of zeros of F, which is 5 (one of order 5). 

Therefore, P has three zeros in 1 < |z| < 2. 


5.3.3 ARGUMENT PRINCIPLE 


Consider a simple closed contour C with Zo in the interior and assume f(z) 4 0 on C. Starting 
at any point ¢; on C set gj to be one of the particular values of arg( f(¢1)). Now traverse C in the 
positive sense to the point ¢ on C and allow arg( f(z)) to vary continuously from ¢; to a value ¢. 
(The word “continuously” prevents the argument from arbitrarily jumping by a multiple of 27.) 
In the limit as ¢ approaches ¢, in the positive direction, the curve C will have been traversed 
exactly once in the positive sense. Define ¢ to be this limiting value of arg(f(z)). We define 
the change in argument for f on C as 


Ac arg(f(z)) = ¢2— #1. 


Example 5.40 What is Ac arg(f(z)) for the function f(z) = iz”, where C is any simple 
closed contour with 0 in the interior? What is the value if 0 is not in the interior? 

‘The phase plot of f is shown in Fig. 2.3b where the phase colors go through two full 
cycles as the origin is encircled once. Therefore, Ac arg(f(z)) = 41. In contrast, if C does 
not enclose 0 then the phase colors do not go through a full cycle but return to where they 
started, hence, the value is 0. 


Theorem 5.41 Argument Principle. Let f be analytic inside and on a simple closed contour 
C except for a finite number of poles inside C. Also assume that f(z) # 0 on C. ‘Then 


she arg(f(z)) = N —P, (5.13) 
4 


where N is the number of zeros and P the number of poles of f inside C, respectively, counting 
order. 
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0 


Figure 5.10: The contour C and its image [ under f. Points ag, on C map to points by on T 
where it crosses the branch cut B. 


Proof. The contour C satisfies the requirements of the Argument theorem, thus from that the- 
orem we know that 
I f'@) | 


~ Ini to Fe) 
Let w = f(z) and let T be the image of C under the mapping f. Although C is a simple closed 
contour, I’ need not be simple but it must be closed. Also, since f is not zero on C it follows that 
I does not pass through the origin in the w-plane. Define the positive orientation of T' to be that 
generated by the positive orientation of C. Select any branch of the function log(w) with branch 
cut B extending from w = 0 to w = oo. (The principal branch suffices; assume it is selected so B 
is the negative real axis.) Starting from any point on C, traverse C in the positive sense and label 
the points ag, on C whose images under f are points on B. Call these corresponding points b;; 
see Fig. 5.10. Suppose there are K such points; K may be zero. Then for each section Cx of C 
from ax to ax+1 (where ax + is defined to be a1), it follows that f(z) does not cross the branch 
cut B and so f’/f is analytic in a domain containing C, and Log(f(z)) is an antiderivative of 


S'/f along C,. Then 


N (5.14) 


I) dz= > aS, dz= 5 Lost fe) |" = 5 Los (hz ) — Log(by) 
c f(z) eee F(Z) ae ak & k+1 k?? 


where the superscript on the bg indicates whether the point b; is on the side of B prior (—) to 
I’ crossing the branch cut or after (+). Altering the summation index from k + 1 to k on the 
first term in the above and using the fact that bx +, = b; we have 


K K 
dz =) Log(bg) — Log(bt) = > In |bg | — In [bf | + i [arg(b,) — arg(bf)] 
k=1 k=1 


K 
— > arg(b;, ) — arg(b,). 
k=1 


f'(2) 
roam A U-3) 
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Now if the crossing of B at by is in the direction where arg(w) increases as I" is traversed in the 
positive sense, then arg(b, ) = a and arg(by) = —1. If the crossing is in the other direction 
then these values are reversed. (In the example of Fig. 5.10, the crossing at b3 decreases arg(w) 
but the other crossings all increase arg(w).) Therefore, 
f'@ 
c f(z) 
where Mt is the number of times I crosses B with arg(w) increasing and M7 is the number of 
times I crosses B with arg(w) decreasing. (If K = 0 then then both M+ and M~ are zero and 
the integral is zero since Log( f(z)) would be an antiderivative for the integrand on all of C.) But 
the full change in arg(w) as T’ is traversed once in the positive sense is clearly 2x(M* — M-), 
therefore from (5.14) we have 


dz =i(M* — M_)2n, 


NAP = she arg(f(2)). 
IU 


O 
5.3.4 EXERCISES 
/ 
5.19. Use the Argument theorem to compute fe dz for the following, where C is a 
C Z 
circle radius 4.1, centered at the origin. 
_ (z? + 9)? _ _ log(z? + 18) 
(a) f(z) = 735224 1224 18" (b) f(z) = tan(zz), (c) f(z) = a 
where for (c), the branch of the logarithm is log(z) = In |z| + i arg(z), —m < arg(z) < 
1. 


(ge* = N/a + 1) 
J (e?7 + 1)/@+ 1) 
square that bounds the region |Re(z)| < 10, and |Im(z)| < 10. 


dz, where C is the 


5.20. Use the Argument theorem to compute J = 


5.21. Find the number of zeros of 4z3 — 7z? + z — 1 in the annulus 1 < |z| < 2. 


5.22. Let C be a simple closed contour and let I be the image of C under a mapping /. 
Suppose f is a meromorphic function inside and on C and that f(z) 4 0 on C. If 0 is 
not in the interior of I and there is a ray from 0 to oo that does not intersect I’, then 
Ac arg(f(z)) = 0. 


5.23. Let C be the unit circle |z| = 1. For each of the following functions, determine 
Ac arg(f(z)) and determine the number of times the image of C under f winds around 
0 (in the positive direction) as C is traversed once in the positive sense. 


@) f@ =23, Hye 


72 


(c) f(z) = sin(8z). 
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CHAPTER 6 


Series 


6.1 CONVERGENCE 


In this section we define what it means for sequences and series of functions to converge, and 
provide a number of important results about convergence. 


6.1.1 SEQUENCES 
Definition6.1 A sequence of functions on C, {un (z)}°2,, converges to the function U(z) 
if for any € > 0 there exists an N > 0 (in general depending on € and z) such that 


|un(z) — U(z)| <e, ie SING 


If N is independent of z in a region R then we say that {un(z)}°2, converges uniformly 
to U(z) in R. R is called the region of convergence. If a sequence does not converge, it is 
said to diverge. 


‘The starting point of the sequence is irrelevant in terms of convergence, the counter n 
could start at any integer. Often we will omit the range of n when labeling a sequence and 
simply write {u,(z)}. 


Example 6.2 Where does the series {u,(z)}°29 with u,(z) = z” converge? Is the con- 
vergence uniform in a region? 


We have 
Oo ah Za, 
1 tt27= 1 
lime v,(2)— ae ; 
noo eo tf [Z| S 1, 
Hea tle 2 10 


So {un (z)} converges to U(z) = Non |z| < 1, converges to U(z) = 1ifz = 1, and otherwise 
diverges. 


The convergence on |z| < 1 is mot uniform since for z = re’®, r <1, 
n ,inO n Ine 
le) = 2) = |r er" =O =r «KE = eae AS ip => Il. 
nr 
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‘Thus, given any € it is impossible to choose N so that the above inequality holds for all n > 
N and all r < 1. However, uniform convergence can be obtained by considering a region 
just slightly smaller, for example, |r| < A for some A < 1. In this case, given € we can choose 
N =I1ne/InA and thenn > N will imply r” < . 


‘The above example illustrates the typical way in which sequences that are uniformly convergent 
behave. Usually, the sequence is convergent on some region but not uniformly convergent on 
that region. However, if the region is made a finite amount smaller, then uniform convergence 
can be established. 

Given the above definition of convergence, it is simple to show that a sequence will con- 
verge if and only of both its real and imaginary parts converge. 


Theorem 6.3 [fun(Z) = an(z) + ibn(z) and U(z) = A(z) + iB(z) where an, bn, A, and B 
are real valued functions of the complex variable z, then {un(z)} converges (uniformly) to U(z) 
if and only if {an(z)} and {bn(z)} converge (uniformly) to A(z) and B(z), respectively. 


Proof. Since the absolute value of both the real and imaginary parts of any complex number are 
smaller than the modulus of the number we have 


lan(z) — A(z)| 
|bn(z) — B(z)| 


< |un(z) — U(z)| = V Gn(Z) — A)? + (bn) — BE))?. 


Considering Definition 6.1, the inequality on the left tells us that if {uw,(z)} converges to U(z) 
then {a,(z)} must converge to A(z) and {b,(z)} must converge to B(z). The equality on the 
right tells us that if {a,(z)} converges to A(z) and {b,(z)} converges to B(z) then {u,(z)} must 
converge to U(z). The same holds if uniform convergence is considered. O 


‘The following two results allow one to determine if a sequence converges without having 
to know precisely to what it converges. 


Theorem 6.4 Cauchy Convergence Criterion. The sequence {un(z)} converges if and only 
if given any € > O there exists N > 0 such that 


|Um(Z) — Un(z)| <€ Vm,n>N. (6.1) 


Proof. Suppose {u,(z)} converges to U(z). Thus, for a given € > 0 there exists an integer N 
such that when n > N, we have |u,(z) — U(z)| < €/2. Then, for m and n both larger than N 
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we have 


|Um(Z) — Un(Z)| = |Um(zZ) — U(z) — (un(z) — U(z))| 
€ € 
< |um()— UE)| + ln(2)- UI <5 +5 =6 
Conversely, if (6.1) holds then there are an infinite number of points u,(z), n > N, that are 
within the neighborhood N.(um(z)). Then, by the Weierstrass—Bolzano theorem (Theorem 2.1), 


it follows that the set {uy (z)}0° y+, must have a limit point, call it U(z). Then 


jum(z) — UC2)| = Jim. |um(2) = unl@)I <e, 


showing that {um(z)} converges to U(z). O 


Theorem 6.5 Monotone Convergence. If the real sequence {an(z)} is monotone nonde- 
creasing (or monotone nonincreasing) and |an(z)| < M for all n > 0, then {an(z)} converges. 


Proof. Suppose the sequence is monotone nondecreasing and consider the set of all real numbers 
X such that a,(z) < X for all n > 0. Since X = M satisfies this requirement, this set is not 
empty. Now let A be the infimum of this set, that is, A is the smallest number such that a,(z) < A 
for all n > 0. Necessarily then, for any « > 0 there must be at least one integer N > 0 such that 
A-—ay(z) <€«, otherwise X = A—e is a smaller number than A that is in the set. Further, 
since the sequence is monotone nondecreasing, 


|A —an(z)| = A—an(zZ) < A-—an(z) <€ Vn>QN. 


Therefore, {an(z)} converges to A. The monotone nonincreasing case follows by considering the 
negative of the sequence. O 


6.1.2 SERIES 


From a sequence of functions {un (z)}°° , we define 
Sn(z) = D> ug (z) = wiz) + u2(z) + +++ + un (2). 
k=1 


Sn (z) is called the nth partial sum of the sequence. A series is said to converge if its sequence of 
partial sums converges; specifically: 
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Definition 6.6 A series of functions )-°-_,; un(z) converges to the function U(z) if for 


every € > 0 there exists an integer N > 0 such that 


Sn(2) - U@)| = <e€ Vn>QN. 


> waz) — UZ) 
=i 


If N is independent of z in a region R then we say that }°?-_, un(z) converges uniformly 
to U(z) in R. R is called the region of convergence. If a series does not converge, it is said 
to diverge. 


Although the value of a series depends on all terms, the convergence properties do not 
depend on any finite number of terms at the start. The sum of the these finite terms is simply a 
constant that can be added to the series constituted of the remaining terms. As with sequences, 
we will often omit the specific range of n and simply write }° uy (z). 

For convergence, since the partial sums must converge, that is, approach the same value, 
it follows that the terms in the series must approach zero. 


Theorem 6.7 A necessary condition for the series )\ Un (Zz) to converge is that lim un(z) = 0. 
noo 


Proof. Assume the series converges to U(z). We have that un(z) = Sn(z) — Sn—1(z). Taking 
the limit of both sides of this equation as n tends to infinity, and noting that both S,(z) and 
Sn—1(Z) must converge to U(z) it follows that 


(Jim wa(Z) = lim Sn(z) — Sn-1(Z) = Uz) — U(z) = 0. 


Example 6.8 Show that if u,(z) = = then )*w_(z) satisfies Theorem 6.7 but diverges. 


Clearly, the terms u, satisfy Theorem 6.7, however, 


Sale) = Se) = ye 
[e=I1 [e=1 eal 


This last series is the harmonic series which diverges. Thus, we see that the condition in 
Theorem 6.7 is indeed not sufficient for convergence. 


As with sequences, it is easy to show that a complex series converges if and only if both 
the series of its real parts and the series of its imaginary parts converge. 
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Theorem 6.9 [fun (Z) = an (Zz) + ibn(z) and U(z) = A(z) + iB(z) where an, bn, A, and B 
are real valued functions of the complex variable z, then Y) Un (Zz) converges (uniformly) to U(z) 
if and only if Y) an(z) and ° bn(z) converge (uniformly) to A(z) and B(z), respectively. 
‘The proof of this theorem is the same as the proof of Theorem 6.3, with partial sums replacing 


the sequence terms in that proof. 
An important concept for series is absolute convergence. 


[o.e) [o.e) 
Definition 6.10 = If yy |Un(z)| converges then yy Un(Z) is called absolutely convergent. 
ni na 
Theorem 6.11 Absolute convergence implies convergence. 


Proof. For a series )-7— ux, let 
n n 
Sc=) te. Ty lel and A, =S_,4+Th. 
k=1 k=1 


Then, since uz + |ux| > 0, it follows that A, is a monotone nondecreasing sequence. Further, 


n n 
An = ux + |uxl <2 >> |uel, 
k=1 k=1 


and, since by hypothesis > |ux| converges, it follows that the sequence {A} is bounded above. 
By Theorem 6.5 it follows that the sequence {Ay} converges. Then 


lim S, = lim (A, —T,) = lim A, — lim Th, 
n—->oo n—->oo n—->oo n->oco 


where the last equality is valid since both limits on the right exist. But this shows that limy—oo Sy 
exists, that is, ) 7°, uz converges. O 


‘The converse of this theorem is not true. It is possible for a series to be convergent without 
being absolutely convergent. 


Definition 6.12 A series that is convergent but not absolutely convergent is called con- 
ditionally convergent. 


Absolutely convergent series may be manipulated without worry of changing the conver- 
gence properties. 
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Theorem 6.13 ‘The terms of an absolutely convergent series may be re-arranged in any order 
and all such re-arrangements converge to the same sum. Also, the sum, difference, and product of 
two absolutely convergent series is absolutely convergent. 


6.1.3 SERIES CONVERGENCE TESTS 


‘The following are a few common convergence test for series. They are provided without proof. 


1. Comparison test: If }° |vn(z)| converges and |up(z)| < |vn(z)| then }° up (z) converges 
absolutely. 
If }° |vn(z)| diverges and |upn(z)| > |vn(z)| then )° |un(z)| diverges, but >> un(z) may or 


may not converge. 


Un+1(Z) 


Un(Z) 
verges if L > 1. If L = | this test gives no information. 


2. Ratio test: If lim 


noo 


= L, then )° u,(z) converges absolutely if L < 1 and di- 


3. Integral test: If f(x) > 0 for x >a then )° f(n) converges or diverges according as 
limm—oo J (x) dx converges or diverges. 


4. Alternating series test: Ifa, > 0, dn41 <dn,and lim ay = Othen ao — ay + az — a3 + 
n—-oco 


[oe] 
= YC)"an converges. 
n=0 
[ee] 


a 
5. Geometric Series: If p < 1 then the series a ap” converges to i 


n=0 > 


‘The ratio test and the geometric series result in particular are two results you should be very 
familiar with as they will be very useful when we discuss power series, Taylor series, and Laurent 
series in Sections 6.2-6.4. 


le,2) 
: 1 
Example 6.14 Investigate the convergence of ) a 
n=0 


Applying the ratio test we have 


tigi 
Wizae 


= lum 5 
noo |Z| 


— in| 


n->oo 


Therefore, the series diverges for |z| < 1 and converges absolutely for |z| > 1. The conver- 
gence will be uniform on |z| > R for any R > 1. In the case |z| = 1, the nth term does not 
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go to zero as n increases, hence, the series fails the necessary condition and so must diverge 
fof |Z —ale 
(oe) 


1 
Example 6.15 Show that the series ye —, converges for p > 1 and diverges for p < 1. 
n 


n= 
‘The ratio test does not help in this case since the limit of the ratio of two consecutive 
terms is L = 1. We instead use the integral test. Let f(x) = 1/x”. Then the terms of the 
series are f(n),n > 1. 


M 
as el _1_,1-p es poe : 
| feds = | —dx = lip lk i=p (M 1) ifpAl 
1 1 Hele [In (x)]7 =—|InM if p = jl. 


In the limit as M — on, this gives a finite value only if p > 1. In particular, the case p = 1 
is called the harmonic series, and it diverges. 


Example 6.16 Show the following series is conditionally convergent. 


aS ee 
i eee 
n=1 
‘This series converges by the alternating series test, but replacing each term with its mod- 
ulus results in the harmonic series, which does not converge. So the series is conditionally 


convergent. 


co id 
Example 6.17 —_ Investigate the convergence of SS — 


n=1 
lore) 


=< |Z" |=’, but the geometric series x r” converges 
n=1 

for r < 1, thus by comparison, the original series must converge absolutely for |z| < 1. If 

|z| > 1 then, by L'Hopital’s rule, 


git 


For r = |z| < 1 we have 


ee eee . FF lowe 
lim — = lim = ©) 
n>oo n noo il 


Hence, the series diverges for |z| > 1. Alternatively, we could apply the ratio test to obtain 
the same results: 


zt /(n+1)| _ 
pee Tp ~ noon +1 


J = hho 


TL—- OO 


‘Therefore, by the ratio test the series converges if |z| < 1 and diverges if |z| > 1. 
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For |z| = 1 it may converge or diverge. For z = | it clearly diverges, since it is the har- 
monic series. For z = —1 it converges by the alternating series test. Determining whether 
the series converges or not at other points on the unit circle is more difficult. It turns out 
that the series is conditionally convergent at all points on the unit circle except z = 1. 


Example 6.18 Does the series Se — ) converge, and if so for what values of z? 
n=1 
We have 
eiNz att eTinz 1 
cos(nz) = 5 =e, le "” (cos(nx) + i sin(nx)) + e”” (cos(nx) — i sin(nx))]. 

The series 

y e ”” (cos(nx) +7 sin(nx)) onal 3 e”” (cos(nx) —i sin(nx)) 

oom 2n3 pam 2n3 


cannot converge for y < 0 and y > 0, respectively, since the nth term does not go to zero. 
If y = 0, then the series converges since for z = x € R we have 


cos(nx) 
3 


1 
< 
— 3 bd 


n n 


and > +; converges, by Example 6.15. Therefore, the series converges for z on the real axis, 
but at no other points. 


6.1.4 UNIFORM CONVERGENCE RESULTS 


Determining whether a series converges uniformly on some region is primarily achieved by the 
following test. 


Theorem 6.19 Weierstrass M-Test. If |un(z)| < Mn for all z in a region R (My is inde- 
pendent of z), and if >) My converges, then Y) un(z) is uniformly convergent in R. 


Example 6.20 Show that = —— is uniformly convergent on |z| < 1. 


We have, when |z| < ih 


Mn, 


1 
— — 
nJn + | ~ 3/2 
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and by Example 6.15 the series }* My, converges. Therefore, by the Weierstrass M -test the 
original series converges uniformly on |z| < 1. 


oe} 
1 
E le 6.21. Show that the seri — iforml 7), 
xample ow that the series » ae converges uniformly on |z| < 


We have, by triangle inequality, . 


1 
[te | fer ee tore ||| < 2 eral m = 3. 
2 : : car 
‘Therefore, Ta |= p = M,, forn > 3. Since the series )> Mn converges, the original 
n2+7z n 


series converges uniformly on |z| < 2, by the Weierstrass M -test. 


There are several important theorems that relate properties of the terms of a uniformly 
convergent series to properties of the sum to which they converge. We state them without proof. 


Theorem 6.22 [fun(Z) is continuous in a region R, forn > 0, and )° un(z) converges uni- 
formly to S(z) in R, then S(Z) ts continuous in R. 


‘Thus, uniform convergence maintains continuity. That this fact is not true when the con- 
vergence is not uniform is illustrated in the next example. 


Example 6.23 Let R be the region consisting of points interior to the unit circle centered 
at the origin, together with the boundary point z = 1. Consider the series w,(z) = z and 
ux(z) = —z*-1 + z*, for k > 2. The nth partial sum of this series is S,(z) = 2”, which 
converges to 0 if |z| < 1, but converges to 1 if z = 1. Thus, the function S(z) to which the 
series converges in R is not continuous. 

Now, by the Weierstrass M -test we can show that convergence is uniform on the re- 
gion |z| <r, for anyr < 1, since |up(z)| < r”~1 + r” = My and >> My, converges. There- 
fore, in accord with the theorem, S(z) (in this case identically zero) is continuous on this 
region. 


Theorem 6.24 [fun (Z) is continuous in a region R forn > 0, and S(z) = )- up(z) és uni- 
formly convergent in R then 


[Mea => f uneraz, VC ER. 
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This theorem tells us that uniformly convergent series can be integrated term by term. It 
is also true that a uniformly convergent series can be differentiated term by term, which is the 
result of the next theorem. 


Theorem 6.25 [fun (Z) is analytic in a region R forn > 0, and S(z) = )> un(z) is uniformly 
convergent in R then S(z) is analytic in R and 


S'1@) = = inte) = uh). 


1 
Ses 


Example 6.26 The geometric series )--° 9(—z)” converges to i for |z| < A, A <1. 


: : 1 
Find a series representation for ———... 
(sp z)2 
Since |(—z)”| < A” on |z| < A, we see that the convergence is uniform on this region. 
We may therefore differentiate the series term by term yielding 


lo} 


=i non— 
G42? = yo n(-1) Zz ! 


n=0 


Hence, dividing by —1 and dropping the first term since it is zero, we have 


1 Cc lo} 
ae So n(-y tz"! = So + Y(-1)"2". 
Fi n=1 n=0 
[e,2) gn 
Example 6.27. Given that e7 = Ss a1 converges absolutely and uniformly on |z| < A, 
=O 


for fixed A € R, find a series representation for cos(z) and sin(z) on |z| < A. 
By definition of cos(z) we have 


(UE Nes ote Gi) ee erie 
cos(z) = === a ee ) 
n=0 4 


2 


‘These two series must converge absolutely on |z| < A, since |+iz| = |z|. Therefore, we may 
re-arrange the terms (adding terms with same value of n in each series) to get 

—1)")i"z” 

2n! 


cos(Z) = ye (ie 
n=0 
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‘The terms in this series with n odd will be zero and so we can replace n with n = 2k to get 


CO (\2k 2k k 72k 
1) a =I 
cos(z) = oo Ons — = Ely oa 
k=0 (am k=0 (eM 
This series also converges absolutely and uniformly on |z| < A. We may do a similar com- 
putation to obtain a series for sin(z), but, alternatively, since the series converges uniformly, 
we may simply differentiate term by term to get 


ane oe) hs 1 2k— 1 


— oy Gl 
an dX (2k)! = eee Qk—1! 


6.1.5 EXERCISES 


6.1. Let A € C. Determine a region R € C and show from the definition that the sequence 
a neZ, n=l, 
A+nz ~ 
converges to 0 for z € R. That is, for any given « > 0 find an integer N such that 
|u» — 0| < € whenever n > N. Is the convergence uniform in R? 


6.2. From the definition of convergence for a series show that 


= a 
ye az = —, when |z| < 1, 
1-z 


where a is a complex constant. [Hint: The identity (1 -—z)(l+2z+727+-+-4+2")= 
1—z"*t! may be helpful. ] 


6.3. Find the region of absolute convergence for the following series. Is the region bounded? 


nz sa Sy a fear 
b 
0 Ooo ©) saa(Fzy) 
oO e kz 
6.4. Use the Weierstrass M-test to find a region R on which the series > = is uniformly 
k=1 


convergent. At what points in C does the series diverge? 


6.5. Let R be the interior and boundary of the square with vertices 0, L, iL, and L + iL. 
Show that the series 
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Figure 6.1: A power series centered at Zo that converges at Zz; also converges at all points z inside 
the disk of radius |z; — Zo]. 


converges absolutely on R when L < 1, but diverges at some points in R if L > 1. Does 
the series converge on R when L = 1? 


6.2 POWER SERIES 


A power series is of the form 
ao + a(z — 29) + aa(z — 20)? +++ = ) an(Z — 20)". (6.2) 
n=0 


The constant Zo is called the center of the series. Clearly, the series converges to do at z = Zo. 
Suppose it converges at some other point z,, then by the ratio test, 


Qn+1 


a m—-Z n+1 
b= ee n+1(Z1 — Zo) 


= < 
n—>0o An(Z1 — Zo)” Iz1 — Zo] <I. 


noo 


Equality in the above is a possibility since a series may converge when the ratio test gives a value 
of L, = 1. Let 


1 
R= ; 
. a 
littip-sag Gn+1 
an 


then the above inequality becomes |z; — zo| < R. Now consider any point z such that |z — zo| < 


[o@) 
|Z1 — Zo| as illustrated in Fig. 6.1. The series » an(z — Zo)” converges since by the ratio test 


n=0 


a Z—Z n+1 
t= tm n+1( o) 
TRO An (Z — Zo)” 


1 
Z—Zo| < Z Zo| < 1. 
| o| R 7 ol < 


a 


We conclude that if a power series centered at zo converges at more than one point, then it 
converges in a disk of points around Zo. 
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Definition 6.28 For a power series )-P-.9 dn(z — Zo)", the largest value of R such that 
the series converges on the disk |z — zo| < R is called the radius of convergence, and the 
corresponding disk is called the region or disk of convergence. 


You may have wondered, when you discussed power series in a calculus class, why the 
interval of convergence for a power series of a real function f(x) centered at x9 was referred to 
as a “radius.” Now you know. If the function is complexified to f(z), then the complex power 
series centered at Zp = Xo converges in a disk of radius R and the interval of the real line inside 
this disk is (xo — R, X09 + R). 

‘The radius of convergence of a power series may be any nonnegative real number or may be 
oo. The series may or may not converge at points on the circle |z — z9| = R. Convergence inside 
the circle or radius R is absolute, and, if A < R, then convergence is uniform on |z| < A. Since 
the terms of a power series are obviously analytic, we may therefore integrate and differentiate 
a power series term by term within its disk of convergence. 


Theorem 6.29 Uniqueness of Power Series. If S7? 9 dn(z — 20)" = Dp baz — 
Zo)” # © for allz in|z — Zo| < R, then ayn = bn, 0 <n. 


Proof. Since the series are uniformly convergent in |z — Zo| < R, for some R, < R, we may 
differentiate them term by term and evaluate at Zo. 


0 derivatives evaluated at z = z7 => do = bo 
1 derivative evaluated atz =z —> a, =), 
etc. 
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In this section we will see that a function being analytic on a disk is equivalent to it having 
a convergent power series, called a Taylor series, on that disk.’ First we establish the forward 
direction of this equivalence with Taylor’s theorem. 


Theorem 6.30 ‘Taylor’s Theorem. Let f(z) be analytic inside the disk |z — z9| < R. Then at 
each point in this disk we have 


f" Go) 
PA 


oo fin) 
f@ = Oe — ay" = feo) + fea)e — 0) + He - 2)? + 


n=0 


(If zo = 0 then the series is sometimes called a Maclaurin series. If f is entire then R = ov.) 


1Brook Taylor (1685-1731) was an English mathematician who is best known for this series that bears his name. 
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(In the above, the zeroth derivative, f, is the function /f itself.) 
Proof. ‘To start, assume Zo = 0. We will deal with the more general case at the end. Let z be 


such that |z| < R. Let Co be a circle of radius ro < R centered at 0, but big enough so that z is 
inside Co. By Cauchy’s integral formula we have 


1 fw), 1 fw) 
fO= > d ot 2) 


= dw. 
2ni Joy W-Z e 201 7 
Now (1—c)\(1+et+c7+c3 +++»+c%7!) =1-c% for anyc € C, thus 


1 c 
—— =lt¢cte? tet eN T+ 
l-c l=¢ 


: cHA#l. 


Therefore, setting c = z/w, the integral may be written as 


fO= sah AS [1+ E+E tg fe 


2ni Joy Ww w 
_ 1 gf fw), fw)z , fowe? wz"! few)e¥ ( a 
 Wnitceo wo w? w3 wN wNt1 \1—2 ; 


So, by the Cauchy Integral Formulas we have 


” ( ) 
co p42 Ogi. 4" Ope 


2! (N — 1)! 


N 
Pn(Z) = . -g ftw) 


2ni Icy w (w —z) 


f@= 


+ pn(z), 


where 


Now |w — z| > |w| —|z| = ro — |z| for w on Co. So if M = max | f(w)|, we have 
weco 


jew(e)| < EL Mary = Mt (EL) 
~ 2H rq! (ro — |zI) ro—|z| \ ro 


But |z| < ro, hence, |py(z)| ~ 0 as N > oo. Therefore, 


oo y(n) 
f() = f(0)4 ro, | LO 24 2 ey Oe 


n=0 


Iz] < R. 


Now suppose zo # 0. Define a new variable ¢ = z — zo, then define the function g as 


g() = fC + 20) = F(Z). 
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Clearly, g(¢) is analytic when |¢| = |z — zo| < R. Therefore, we can apply the above proof to 
g(C) where the differentiation is with ak tof il 


Bur 20 = d&+20) — df@) de _ df(z) 
de dt  — "dz dz dz 
g™(0) = f™ (zo) and it follows that 


CO £m) 
j= Ee ay", z—Zo| < R. 
n=0 . 


. The same is true for higher derivatives. Thus, 


Example6.31 Finda Taylor series for f(z) = log(1 + z) around z = 0. Whatis the radius 
of convergence? 
Computing derivatives we get 


log(1) = 0, oa(1 ae) _ i - = Il. 
& log( + z) = = i - = —3}, = log(1 + z) a =(=1)" a1), 
forn > 1.So 
log(l +2) =0+ Vn == yr ae 


n=1 


‘The radius of convergence is 


=| =i 
—1)”? 
Rte =) (eee eee) OS 
n>o| Gn (-1I)""!q@ a 1) 
To which branch does this series converge? The one with log(1) = 0 and with a branch cut 
emanating from z = —1 in such a way that it does not cut the circle radius 1 centered at 
the origin. 


Example 6.32 Find a Taylor series around z = 0 for (1 + z)?, where p € C is a constant. 
What is the radius of convergence? 


=P WO 2) nl) nel, 


z=0 
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So, 


RU fg, ER eS ee 


2! n! an 


(+z)? =1+ pz+ 


If p is an integer, then this series is finite, which means the radius of convergence is oo. 


Otherwise, 
lim | 20+! nipip—|)\ip— 2) (p= 2) ee ee 
mr apa =e ee tp (NN 2) (pi rl) eo) 


which implies R = 1. Again (in the case p is not an integer), the branch to which this series 
converges is one where (1 + z)?|,-) = 1 and where the branch cut is chosen to emanate 
from z = —1 so that it does not cut the unit circle centered at the origin. 


‘The next theorem establishes the reverse direction of the equivalence between analyticity 
and a convergent Taylor series. 


Theorem 6.33 4 power series sums to a function that is analytic at every point inside its circle 
of convergence. 


Proof. We know that a power series is uniformly convergent inside a closed disk that is interior to 
the disk of convergence. We know that a uniformly convergent series may be differentiated term 
by term and the resulting sum of derivatives is the derivative of the original function. Hence, 


the series sums to an analytic function inside its radius of convergence. O 


‘The above two theorems tell us that being analytic is the same as saying that a function 
has a Taylor series that converges with some nonzero radius of convergence. The equivalence of 
analytic functions and convergent Taylor series allows us to determine the radius of convergence 
for a series in terms of the singularities of f. 


Theorem 6.34 — The radius of convergence, R, for a Taylor series of f(z) around the point Zo is 
the distance from Zo to the nearest singularity of f. 


Proof. Let d be the distance from Zo to the nearest singularity of f. By Theorem 6.33 f is ana- 
lytic in |Z — Zo| < R, hence, R < d. But f has no singularities closer than d from Zo, therefore 
f(z) is analytic on |z — zo| < d, so that Theorem 6.30 implies R > d. We conclude that R = d. 
O 


‘This theorem provides a useful way of finding the radius of convergence of a Taylor series 
for a given function. 
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Example 6.35 For each of the following, what is the region of convergence for the Taylor 
series of f(z) around z = Zo? 


= z—A4 aCe __cos(z) _ 
(a) f@) = Cyan 3)’ Zo = 1-i, (b) De) t= eee Zo = 0, 
(c) f(z) = ee Zo = 0. 
(a) The singularities are z = —2i andz = 3. Their distances from Zo are |—2i — (1 —i)| = 


[=1 —7| = «/2 and |3 — (i —7)| = [2 +7 = 5. We conclude that R = /2. 

(b) The singularities occur when e~!7 + 1 = 0, that is, when —iz = log(—1) = i(a + 
2k), k € Z. The closest ones to 79 = 0 are +7, thus R = z. 

(c) ‘The singularities are at z = +i, thus R = 1. 


Part (c) of the above example illustrates why the Taylor series for the real function f(x) = ae) 
which is well-defined and smooth on the entire real line, only has a radius of convergence equal 
to 1. 

Of course not all functions are analytic at all points and so a Taylor series may not exist. 
For example, the function f(z) = 1/z has no Taylor series centered at z = 0. Each branch of 
a multivalued function / is itself an analytic function, provided the branch cut is not crossed. 
For any ordinary point of one of the branches of f there will be a Taylor series centered at that 
point, but its radius of convergence will be no larger than the distance to the branch point. 

Students sometimes make the mistake of believing that combinations of polynomials, 
rational functions, rational roots, exponentials, logarithms, trigonometric and hyperbolic func- 
tions, and perhaps a few more special types, describe all possible functions. This is definitely not 
the case. Even if the functions are restricted to be analytic, the vast majority of such functions 
cannot be written down in closed form consisting of finite combinations of polynomials, etc. 
From our above results, we have shown that every analytic function is some convergent Taylor 
series, and every convergent Taylor series is some analytic function. It is the latter of these two 
facts that suggests that most analytic functions cannot be written in closed form. For example, 
start with any closed form function, as complicated as you wish, that is analytic on a disk of ra- 
dius R centered at zo and consider its Taylor series )-?-_9 dn(z — Zo)". Now select any sequence 
of complex numbers {fy }°°.9, such that |G, | < 1, and replace ay with ¢;,an. Then the new series 
will have terms no larger in modulus than the original terms, and so by the comparison test, 
the new series must also converge. But this is true for amy sequence {¢,}°° 9 with elements of 
modulus no larger than one. In each case we end up with another analytic function. The vast 
majority of analytic functions can only be represented by a Taylor series. 
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6.3.1 ZEROS OF ANALYTIC FUNCTIONS 
‘The order of a zero of an analytic function is related to the Taylor series for the function centered 


at the zero. Recall from Definition 3.18 that we defined a zero of order m of an analytic function 
f as a point Zo such that in a region, R, containing zp we could write 


f(z) = (2 — 20)" g(z), zeER, 


where g was analytic in R and g(z) # 0 in R. An equivalent definition for a zero of order m for 
f can be given in terms of a Taylor series. 


Definition 6.36 If f is analytic in a region R containing Zo and if f (zo) = 0 forn = 
0,1,...,m—1, and f™ (zo) ¥ 0, then Zo is a zero of order m of f. 


‘Thus, the definition says that f and its first m — 1 derivatives are zero at Zo, but the mth derivative 
is not. 

Definition 6.36 is equivalent to Definition 3.18 since under this new definition we have, 
in a neighborhood of zo, the following convergent Taylor series for /: 


f™ (Zo) 4 da) 
m! eer (m+ 1)! 


al Fey . f°" Co) 
= (Zz — Zo) 


(goz,)""" corer 


f@) = 


m! mai +]. ie) 
‘The terms in square brackets are the Taylor series of some function, call it g(z), which must have 
the same radius on convergence as the Taylor series for f. (The coefficients of g are just shifted 
compared to f so the ratio test will yield the same result.) Clearly, g converges to its first term 
at Z = Zo, which is nonzero by the definition. Thus, by continuity of g, it must be that g(z) 4 0 
for z in a sufficiently small neighborhood of zo, which we may call R. Hence, we have arrived at 
the original definition. Conversely, from Definition 3.18, since g is analytic in R and nonzero 
at Zo, its Taylor series centered at Zp has a nonzero constant term, g(Zo), and so the Taylor series 


for f(z) is 


CO —76(n) gn) 
fle) = — 20)"ae) = — 20)" YEG — soy" = YE — ay, 
n=0 . n=0 : 

Thus, f (zo) = 0 forn = 0,1,...,m—1, and f™ (zo) = g(zo) ¥ 0, which is the statement 
in Definition 6.36. 

In Theorem 3.19 we showed that a zero of order m had to be isolated. The same fact 
follows from Definition 6.36 since sufficiently near zo the function f is well approximated by 
the first term in its Taylor series, which is a constant times (z — Zo)’, whose value cannot be 
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zero except at Zo. We can now prove our assertion following Theorem 3.19 that if f is zero at 
zo then either f is identically zero, or Zo is a zero of order m as per Definitions 3.18 and 6.36, 
in other words, it is isolated. 


Theorem 6.37 Isolated Zeros. Jf f is analytic at a point zo and f (Zo) = 0, then either f is 
identically zero in a neighborhood of Zo or f is not equal to zero on a deleted neighborhood of zo. 


Proof. Since f is analytic at zo it must be analytic in a neighborhood N5(zo) for some 5 > 0. 
Therefore, a Taylor series for f centered at Zo has radius of convergence at least as big as 5. Either 
this Taylor series has all zero terms, in which case f is identically zero on Ns(Zo), or the first 
nonzero coefficient in the Taylor series is LO" Go) for some m > 0 (m cannot be zero since by 
hypothesis (zo) = 0). Thus, by Definition 6.36, zo is a zero of order m for f. We have already 
shown above that Definition 6.36 is equivalent to Definition 3.18. Hence, by Theorem 3.19 zo 
must be an isolated zero. O 


So unless f is identically zero, zeros of f are isolated. Now you may wonder whether 
zeros of f are special in this sense. Are other values of f isolated too? The answer is yes. 


Corollary 6.38 Isolated Values. If f is analytic at a point zo and f (Zo) = Wo, then either 
f is identically equal to Wo in a neighborhood of zo or f(z) # Wo in a deleted neighborhood of 


ZO: 


Proof. Define g(z) = f(z) — wo. Then g(zo) = 0 and by Theorem 6.37 either g is identically 
zero on a neighborhood of Zo, which implies f is identically equal to wo on that neighborhood, 
or g is not equal to zero on a deleted neighborhood of zo, which implies that f(z) 4 wo in this 
deleted neighborhood. O 


An analytic function, like a polynomial, can only have a finite number of zeros inside a 
closed bounded region, unless the function is identically zero. 


Theorem 6.39 Finite Number of Zeros. If f is analytic inside and on a simple closed contour 
C, then either f is identically zero or f has a finite number of zeros inside and on C. 


Proof. Let S be the set of points inside and on C. S is closed and bounded. Suppose f has 
an infinite number of zeros in S. Then, by the Weierstrass—Bolzano theorem (Theorem 2.1), 
there must be at least one limit point zo € S for the set of zeros. In other words, there is a 
sequence of the zeros of f that converges to Zo. By continuity of f, we must have f(zo) = 0 
so that Zo is also a zero of f. If zo is a zero of order m, then in a neighborhood Ns(zo) we have 
f(z) = (2 — 20) g(z), with g(z) A 0 for z € Ns(zo). But this implies Zo is the only zero in this 
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Figure 6.2: Polygonal line L in D joining zo on T to P, with a sequence of points z; each a 
distance less than d from the previous. 


neighborhood, which contradicts the fact that there are an infinite number of zeros converging 
to Zo. Hence, either f is the constant zero function or there must be at most a finite number of 
zeros inside and on C. O 


‘The fact that zeros of analytic functions are isolated unless the function is identically zero 
allows us to prove that if two analytic functions in a domain D are identical on some arc in D, 
then the two functions are identical over all of D. We establish this result with the following 
lemma and theorem. 


Lemma6.40_ = If for each point € on an arc, f is analytic at € and f(¢) = 0, then f(z) = 0 
in any neighborhood Ns(¢) on which f is analytic. 


Proof. Since f is analytic at ¢, by Theorem 6.37, either f is identically zero in some neighbor- 
hood N(¢) of ¢, or f is non-zero in a deleted neighborhood of ¢. But the second alternative is 
excluded by the lemma hypothesis since f must be zero at points on the arc I’ arbitrarily close to 
¢. Therefore, the Taylor series for f centered at ¢ has all zero terms, which indicates the radius 
of convergence is infinity. Thus, the value of 6 may be made as large as wished, provided f is 
analytic on N5(¢). O 


With the above lemma we can now establish the main result. 


Theorem 6.41 Uniqueness of Analytic Functions. If f(z) and g(z) are analytic on a do- 
main D containing an arcY, and if f(€) = g(¢) forallé on I, then f(z) = g(z) on D. 


Proof. Select a point zo on I’ and any other point P in D. Since D is connected, there exists a 
polygonal line L in D going from Zo to P. Let d be the minimum distance from any point on L 
to the boundary of D. (If D is all of C then choose any positive value for d.) Select a sequence 
of points z;, 0 < j <n, on L such that [Zj-43 _ 2; <4a,0< jf <n, and z, = P. See ig. 6.2. 
Define h(z) = f(z) — g(z). Then h is zero on I. Further, for any point z; on L, h is analytic 
ona neighborhood Ng(z;), since z; is at least as far as d from the boundary of D. Since TI’ goes 
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Figure 6.3: Analytic continuation of f by selecting a sequence of points zj4; in Dj = 
{z eC : |z—z;| < Ri} and determining the radius of convergence, Rj+1, of a Taylor series 
for f centered at 2j41. 


through zo and since h is analytic on Ng(Zo), Lemma 6.40 indicates that h must be identically 
zero on Ng (Zo). But z; is in Ng (Zo), so h is therefore zero along a portion of the line L that goes 
through z;. Thus, by Lemma 6.40 we conclude that h is identically zero on Nq(z1). Continuing 


in this manner for j = 1,..., we conclude that h is identically zero on Ng (Zn). Since P = Zn 
was arbitrarily chosen in D we conclude h is identically zero in D and therefore f(z) = g(z) 
for all z in D. O 


6.3.2 ANALYTIC CONTINUATION 


Although a Taylor series for a function f centered at zp may have a finite radius of convergence 
Ro, it may be possible to extend the function beyond the region of convergence so that it remains 
analytic. The idea is as follows. Define Dy = {z € C : |z —z,| < Rx} fork > 0, then the given 
Taylor series for f converges on Do. Select a point z; in Do and construct a Taylor series for f 
centered at z;. Call this series f,. This new series will converge on a disk D, of radius Rj. It is 
possible that D; extends outside the original disk Do. If it does, then /; is called the analytic 
continuation of f into D,. This extension, if it exists, is unique, since by Theorem 6.41 there 
cannot be two functions analytic in D, that both take on the values of f in Do M Dy. This 
process can be repeated, generating a sequence of disks, D; and functions f; that are analytic 
continuations of f; see Fig. 6.3. However, if two such continuation paths eventually intersect, 
for example, the shaded intersection of D4 and Dg in Fig. 6.3, the functions f4 on D4 and fg 
on Dg may or may not be the same, as the next examples illustrate. 


Example 6.42 Consider the function f(z) = — )-7°.9(z + 1)”. This series converges on 
Do = {z €C : |z+1| < 1}, and from the geometric series result it is clear that the series 
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converges to f(z) = 1/z, which is analytic everywhere except for the simple pole at z = 0. 
‘Thus, any analytic continuation of fo to any point z 4 0 outside Do will yield a series that 
converges to 1/z, regardless of the continuation path taken. 


Example 6.43 In contrast, consider the function fo(z) = im — -7., oa This Taylor 
series convergences on Do = {z € C : |z + 1| < 1}. By direct computation, it is not dif- 
ficult to show that fo is the Taylor series centered at z = —1 for a portion of a branch of 
log(z) such that log(—1) = iz, and the branch cut runs from z = 0 to oo along some ray 
in the right half-plane, so that it does not intersect Do. If one were to select a continuation 
path like D, to Dg in Fig. 6.3, the function f4 on D4 would converge to a portion of the 
branch of log(z) whose imaginary part would be close to 6 = 0. In other words, the analytic 
function to which all of the series in D;, i = 0, 1,2, 3, 4, converge is a branch of log(z) with 
the branch cut from z = 0 to oo along some ray going down and to the right so as not to 
intersect the D;, j = 0,1,2,3,4. On the other hand, if one were to select a continuation 
path like Ds to Dg, the function fg on Dg would converge to a portion of the branch of 
log(z) whose imaginary part would be close to 6 = 2z. The branch cut would need to go 
up and to the right so as not to intersect any of D;, j = 0,5,6,7,8. Clearly then, f4 and 
fg are not the same function; they are on different branches of log(z). 


The idea of analytic continuation is not restricted to disks of convergence for Taylor series. 
If fo is analytic in any domain Do and fj is analytic on some other domain D, that has a non- 
empty intersection with Do, and if fo and f; are equal on this intersection, then /; is the analytic 
continuation of fo into D. 


6.3.3 EXERCISES 


6.6. A Taylor series with a finite number of nonzero terms is clearly a polynomial. Show 
that for any zo € C, the Taylor series for a polynomial of degree n always has a finite 
number of nonzero terms. What is the highest order nonzero term in this series? 


6.7. Given that 


n+1 2n 


aa — i = —1)"’ ——__ = 1)" 
v=) sing dK Or | 2d Gm! 


n=0 


for all z € C, find Taylor series expansions for the following functions f around the 
given point Zo. Specify the region of convergence. For (e) and (f) just find the first three 
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nonzero terms. 


(a) f(@) =e", 29 =1 (b) f(z) = coshz, zo = 4 

_ 2 
(c) f(z) =zsinhz, zo = 2i (d) f(z) = mene. zo = 1/2 
(e) f(z) =tanz, zo =0 (f) f(z) = zcothz, zo = 0 


6.8. Find the Taylor series centered at 0 for the following functions. Specify the radius of 


convergence. 
@ fase" &fO=—, OWfe=2+z, 
1+z 
A+zZz 
6.9. Let A and B be fixed complex numbers, and define f(z) = fae 


(a) Find the Taylor series for f(z) centered at z = B. 


(b) What is the radius of convergence for the series in (a)? 


(c) Compute ) G os = 42, where C is the circle of radius B centered at B. 
e” f(z) 


GB)? dz, where C is the circle of radius B centered at B. 


(d) Compute f Gc 


co 


6.10. Ifthe radius of convergence for f(z) = > dnz" is R, what is the radius of convergence 
n=0 
for the following series? 


(a) ae NAnz", (b) > Go's (c) Yaw 
n=0 n=0 n=0 


6.4 LAURENT SERIES 


Taylor’s theorem tells us that a function that is analytic on a disk has a power series representation 

on that disk, and vice versa. But what if the function is not analytic on the whole disk but instead 

is just analytic in an annulus? This is the situation that is addressed by Laurent’s theorem.? 
First recall that Taylor’s theorem says that if f is analytic inside |z — zo| < R then 


oo (a) 
j= V0) 2 — 29)" = a + a1(2 ~ 20) + an(e ~ 20)? + 
n=0 : 


?Pierre Alphonse Laurent (1813-1854) was a French mathematician, engineer, and military officer. 
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By Cauchy’s integral formulas we may write these coefficients as 


a, = : ) IG) dz n> 0, 
C 


Oni (z—Zzg)tt1 


where C is any simple closed contour around Zo contained in |z — zo| < R. Compare this with 
Laurent’s theorem. 


Theorem 6.44 Laurent’s Theorem. Let f(z) be analytic in the annular region R, < 
|Z — Zo| < Ro, then for any point z in this annular region we have 


re) f a) oe 7 iene 
(@)= Y- an(z — 20) 72 Came = > OnlZ = Zo)". 


n=0 neZ 


where 


eel f(@) 
p dz neZ, 


Sone Caza 


and where C is any simple closed contour in the annular region that has Zo in its interior. 


Proof. Like for the proof of Taylor’s theorem, we begin by assuming Zo = 0 and deal with the 
more general case by a translation of variables at the end. Given z in the annular region Ry < 
|z| < Ro, choose three circles: 


e C centered at 0 radius r; such that Ry <r < |z|. 
e C> centered at 0 radius rz such that |z| < ro < Ro. 
e C3 centered at z radius r3 small enough so that C3 lies completely within the annular 


region and completely within the circle C). 
These circles are illustrated in Fig. 6.4. The function Lw) is analytic for w in the annular region, 


except at the point w = z. Thus, by the deformation of path theorem, 


FO) 5 iy LO) gh TO day 


T 
Cp WZ Cc, WZ C3 W-Z 


Now by the Cauchy Integral formula, the last integral is 217i f(z), thus 


Hej ( DON fw) dw). (6.4) 


2ni \Jco, w-Z Cc, wW-Z 


Again, recall that (1 —c)(l +e +c? +-+-+c%~!) =1-c% forall c € C, thus 


l 
—— = lteter? tert ett Gx I, 


l—-c l-c’ 
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Figure 6.4: Circles used in the proof of Laurent’s theorem. 


Let c = z/w in the first integrand of (6.4): and let c = w/z in the second integrand: 


aie ee 


(w) 
(lw)? to get 


pey= olf 2 (142+ Zee (2+ *) aw 
f LO (1 (MP ne (A) OE) a] 
=o [Eg Mas § Os tm 


N 
+ > te fv) dua ee in] : 


Cc aes Ci (z=—w) 


We now show that as N — ov, the second and fourth term in the above expression are zero. 
Choose M > 0 such that | f(w)| < M for all w € C; and Cp. 


ie N 
: ; ) re) dw| < le M25, Lo — (2) > 0, 
2ni Jc, w' (w—z) Darl! (r2 —|Z|) ra |2| \ 72 


since |z| < rz. Also, 


—N N MrN M N 
7 - za | < W 1 2nry = a (7 ) > 0, 
2ni Jc, (Z—w) 2x |z|* (|z| —11) Iz} —7i \|z| 
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since ry < |z|. Finally, since f(w)w? is analytic between C2 and C and between C, and C, the 
contour integrals may be taken around C. We conclude that 


f= ys Gass where dn = Ji f@ 


Oni Jo get 
neZ 


Now suppose that zo # 0. Define € = z — zo and the function g(¢) = f(€+ Zo) = f(z). 
Then g(¢) is analytic when Ry < |¢| = |Z — Zo| < Ro. We may therefore apply the above proof 
to g(¢) giving 


1 g(6) 


go) = > ang", where Oe Fat c Ctl dé. 
ne, 
But d¢ = dz so 
- , _1g¢ © 
f(z) = > an (Zz Zo) , where an = Oni ) (z _ zo)ttl dz. 


ne 


Definition 6.45 For a Laurent series )°,,.7 an(Z — Zo)”, the sum of the nonnegative 
power terms, )7,,.9 Gn(Z — Zo)”, is called the analytic part, and the sum of the negative 
power terms, )°,, <9 n(Z — Zo)”, is called the principal part. 


Just like a function may have many different Taylor series, all centered at different points, 
there can also be many Laurent series for the same function. In this case however, they may 
be different because they are centered at different points, or they may be different because they 
are valid on different annular regions. This is illustrated in the next example. However, if the 
annular regions of convergence of two Laurent series of the same function overlap, then both 
series must converge to the same function in that overlap region. 


Z 


Example 6.46 Find a Laurent series for f(z) = aCe) 
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1 A 


B 
(a) Using partial fractions we may write ea CEG) a tage sina A= 
—1 
= anal [33 = ——._, So 

apt 3b di 

Az Bz A B ei NG 3G 

— — - = Al = B — 
Oe ea a ee aie ‘ EE) 


n=0 
where we have used the fact that the two terms of f are sums of geometric series with 
p =i/z and p = —3/z, respectively, and |p| < 1. Thus, the Laurent series is 


[e,2) 


Ai” + (—3)"B 
f(z) = yy ates 
n=0 


(b) In this case, since 1 < |z| < 3, it is still true that |i/z| < 1 and so the term 7 
—i/z 


is still the sum of a convergent geometric series. This part of the series is unchanged. 


However, term is not the sum of a convergent geometric series since |—3/z| > 


B 
I sb 3yf/z 


1. So we write this term differently: 
Bz Bzj3 Bz Sa ei 
z+30 142 3 &\3/" 
n=0 
where we have used the geometric series result with p = —z/3 and |p| < 1 since |z| < 
3. So the Laurent series is 


[e,2) 


“n oe) __4)jn-1 
io= l= 


n=0 n=1 


= 
(a 
Soe, 


For |z| < 1, the term for gives the same series as in (b). The term with A must 


Bz 
z+3 
be written as 


n 
) (geometric series with p = z/i and |p| < 1), 


so the Laurent series is 
[o-@) 
A (-1)""1B 
7 


In this case the series is actually a Taylor series because the function is analytic on 
lz| < 1 
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(d) We write the function in terms of powers of (z —i): 


_ Gai) i a i 1 
Os = Cae) == l=] 


-(1+4)(s5) (es) 


Provided He —i| <|3+i| = V10, the last factor is the sum of a geometric series with 


(——.4;° lhetetore; 
i i ooo ee NS 
(Olean ere) Eee) 3 
— 1 Sf z-i \" [aie (cee 
Seca +37 Case 


i/G+i) , (-1)" i - 
z—i SLaseall aa)e ue 


where we obtained the last line by replacing the summation index, n in the second sum 
ton + 1, and then collected like terms. From the above, it appears that the largest R 
can be is /10. The series should be convergent until the next singularity of f is en- 
countered, which is at z = —3. The distance from z = —3 to z =i is V/10, confirming 
our expectation that this is the largest possible value for R. 


‘The annular regions in (a), (b), and (c) are mutually exclusive. However, the annular 

region of (d) overlaps parts of regions in each of (a), (b), and (c). This means, for 

example, at z = 2 the series in (b) and the series in (d) both converge to the same 
oe) 

C=) a 


value, namely f(2) = 5 


Notice in the above example how the nature of the Laurent series was different in each 
case. In part (a), the Laurent series had one term in the analytic part and an infinite number of 
terms in the principal part. For part (b) there were an infinite number of terms in both parts 
while for part (c) there were no terms in the principal part. Finally, for part (d) there was one 
term in the principal part and an infinite number of terms in the analytic part. These difference 
are due to both the location of the center, zg, and the boundaries of the annulus, R; and Ro. 

‘The above example illustrates computation of Laurent series by using the formula for a 
geometric series. This is a very useful technique. Another useful way of computing a Laurent 
series is to use known Taylor expansions for some functions, such as e” and cos(w). 
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zZ—3 
centered at z = 7. 


Example 6.47 Find the Laurent series for f(z) = i 


Using the Taylor series for the exponential function we have 


f(z) = —_ eZ iti-3 = 


Fa [o.e) : CO . = 
ae om = e : G = UE — e3 ) Gay 
= i =<") ! ! ‘ 

Z—1 L— it ot} 0 ay =, hes 


— 


Sometimes long division can be used to compute the first few terms of a Laurent series. 


1 
Example 6.48 — Find the Laurent series for f(z) = t———— centered at z = 0. 
cos(z) — 1 
1 1 1 
ie) = = inion = 2 4 6 y 
oe = aye ey an te 


Carrying out long division we obtain 


2! (2!)2 Mee 
ge 4! 6! ua 
Bae aie i 1 
A See ee 
222 224 
Joos ay + ai = 
222 2124 
rr Sen 
W72 2N)274 
ns (2!) 
A! (4!)2 
0 324 
yer 
2 lee 
Therefore, f(z) = -— — = — re 
I) Ze (5 1X) 


Just like a Taylor series, the region of convergence for a Laurent series may be expanded 
until another singularity is encountered. For a Laurent series of f to be valid on an annulus 
R, <|z—Zo| < R2 simply requires that f be analytic in this annulus. Therefore, Rj can be 
decreased and R2 can be increased until a singularity of f is encountered. Conversely, if R; can 
be decreased no further and R2 can be increased no further without the Laurent series diverging, 
then there must be a singularity of f on |z — zo| = Ry and another on |z — zo| = Ro. 

A function may not have a convergent Laurent series at some points, for example, it may 
not have a valid Laurent series centered at a non-isolated singularity. In particular, a branch of 
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a multivalued function, does ot have a Laurent series that is valid in a deleted neighborhood 
of the branch point. This is because a Laurent series requires f to be analytic in an annulus 
around the center point, and branch points must have a branch cut emanating from them. Thus, 
the branch cut, which is a set of singularities of the function, must pass through the deleted 
neighborhood. Now, it is possible to have a Laurent series centered at a branch point, if the 
inner radius of the annulus of convergence is large enough so that the branch cut terminates 
at a second branch point in the interior. For example, the function f(z) = (z(z — 1))!/? with 
branch cut on the real axis between 0 and 1, is analytic elsewhere. Hence, by Laurent’s theorem 
must have a Laurent series centered at z = 0 and valid on the annulus | < |z| < oo. 


6.4.1 EXERCISES 


6.11. Find the Laurent series expansion for f(z) = 1/(1 + z) centered at zero and valid on 
1 <|z| <@. 


6.12. Give two Laurent series expansions centered at 1 for the function f(z) = 1/(z? + 2z — 
3) and specify the regions in which those expansions are valid. 


6.13. Give two different Laurent series expansions centered at i for the function f(z) = 


1 
ae + > and specify the regions in which those expansions are valid. 
6.14. Let Log(z + 1) 
_ Log(z + 
f@) = z(z—5) ° 


where Log is the principal branch of the logarithm. 


(a) What is the radius of convergence, R, of a Taylor series for f centered at: 
(i) z=14i, (ii) z=3-i, Gi) fe 4g. 


(b) How many different Laurent series centered at isolated singularities of f are pos- 
sible, where are they centered, and what are their annular regions of convergence? 


6.55 ISOLATED SINGULARITIES AGAIN 


We gave a set of definitions for isolated singular points in Section 3.4. Now that we have dis- 
cussed Laurent series, we can give the standard definitions of the three types of isolated singu- 
larities. 

Let Zo be an isolated singularity of a function f. Because Zo is an isolated singularity, by 
definition f is analytic in a deleted neighborhood of zo. It follows that f has a Laurent series that 
converges in this neighborhood. ‘The three types of isolated singularities can be distinguished by 
the number of terms in the principal part of this Laurent series. 
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Definition 6.49 —_ If zo is an isolated singularity of f, and f has the Laurent series 


f@) = > an@—z20)", 0 <|z-z0| < R, (6.5) 
neZ 
then 


* zo is aremovable singularity if the principal part of (6.5) is empty, dn = 0 for all 
i <0); 


* zo isa pole oforder m > 0 if the principal part of (6.5) has a positive finite number 
of nonzero terms with a_m # 0 and ay, = 0 for all n < —m; a pole of order one is 
called a simple pole, and 


* Zo is an essential singularity if there are an infinite number of nonzero terms in 


the principal part of (6.5). 


For poles of order m the number of nonzero terms in the principal part may be less than 
m; there may be only one. Similarly for essential singularities it is not necessary for all terms in 
the principal part to be nonzero, just an infinite number of them. 

It is important to emphasize that this definition of isolated singularities uses a Laurent 
series that is centered at Zo and that is valid arbitrarily close to Zo, that is, the inner radius of the 
annulus is 0. Without these restrictions the definition would be useless because we have already 
seen in Example 6.46 that the number of terms in the principal part may change if either the 
center of the series is changed or the annulus is changed. The relationship between the number 
of terms in the principal part of the series and the type of singularity is only valid for Laurent 
series on a deleted neighborhood of Zo. 


Example6.50 If f(z) = =e then clearly f(z) has asimple pole at z = 1. It has a Laurent 
series centered at Zz) = 0 valid on 1 < |z| < oo given by 


f(z) = pares =e; (=) (geometric series with ee es) 
1 1 1 
at eras 


Clearly, this Laurent series has an infinite number of terms in the principal part. 


One might think the reason the above example does not show the relationship between the order 
of the pole and the number of terms in the principal part of the Laurent series is because the 
series was not centered at the pole. However, the next example shows that even if we center the 
series at a pole we still may end up with an infinite number of terms in the principal part. 


164 6. SERIES 


Example 6.51 If f(z) = ; = x? then clearly f(z) has simple poles at z = 0 and z = 2. 
It has a Laurent series centered at z9 = 0 converging on 2 < |z| < oo given by 


1 5 ee st 2 
f= tea = i295 Dp (> ) (geometric series with |p| = | eallye 
1 2 De 
St tee 


This Laurent series also has an infinite number of terms in the principal part. 


‘Thus, we see that the relationship between the order of a pole zo and the number of terms in the 
principal part of a Laurent series is only valid if the Laurent series is centered at the pole and 
converges on a deleted neighborhood of zo, that is, on a region 0 < |z — zo| < R. 

‘The fact that the definition for removable singularities and poles given in Definition 6.49 
is equivalent to those given in Definitions 3.26 and 3.29 should be clear by simply multiplying 
the Laurent series (6.5) by (z — zo)”, m > 0, and then taking the limit as z approaches Zo, which 
can be done since the Laurent series is valid in a deleted neighborhood of zo. Indeed, the nonzero 
constant A in Definitions 3.26 and 3.29 is the Laurent coefficient a_jm. 


Example6.52 By Definition 3.26 it is easy to see that the function f(z) = e7/(z — 3)° has 
a pole of order five at zo = 3 since limz-3(z — 3)° f(z) is a nonzero constant. Computing 
the Laurent series of f we have 


Cee eee | ea Ge oi : 
@-35 G-35 ° | (2-3) [F< Pee 
3 e e e 
[6 C=. T= “eae 
The above Laurent series has a finite number of terms in the principal part, the last of which 
is e3 /(z — 3)°, so by the definition given in 6.49, zo = 3 is a pole of order five. 


1S 


3 3) 


Example 6.53 Consider the function f(z) = (cosz — 1)/z?, which has a singularity at 
Zo = 0. Computing its Laurent series we have 


= Wen oe 4 6 
Heyes. ee 1 pate ee i|- 1 Fi 2 Zz +o] 


Be Be =, (20) Z| 2 Aa! 
See eae 
Soe ae 


We see then that f(z) is equal to a Taylor series whose radius of convergence is 00. We con- 
clude from Definition 6.49 that z9 = 0 is a removable singularity. This fact is also seen from 
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Definition 3.29 by applying LHopital’s rule twice to compute limz-,9 f(z). The singularity 
is removed by re-defining f to be 


COs : 
_ = ipa 0) 
Ta a 


From the definitions of a removable singularity we see that the limit of f(z) is defined as 
z approaches the singularity. This is related to the following result due to Riemann. 


Theorem 6.54 Riemann’s Removable Singularity Theorem. [fa function f is bounded 


and analytic in a deleted neighborhood Ns(Zo) \ {Zo} of 4 point Zo then either f is analytic at zo 
or Zo 1s a removable singularity of f . 


Proof. Since f is analytic in the deleted neighborhood, it has a Laurent series centered at Zo 
with coefficients given by 
pe Oe 
Qni Jo (z—Z)"+! ’ 


where C is a circle radius p < 6 centered at zo. Since f is bounded in Ns(Zo) \ {Zo} we have 


M —n 
22p = Mp”. 


[f(z)| <M, O0<|z—Zzo0| <6 = lanl So ae 


Since p can be arbitrarily small, we conclude that a, = 0 for n < 0. Thus, the Laurent series for 
f on 0 < |z— Zo| < 6 has no terms in its principal part. If f is defined at zo and f(Zo) = ao, 
then the series is a Taylor series on |z — Zo| < 5, showing that f is analytic at zo. Otherwise, f 
may be made analytic by defining f(zo) = do, showing that Zo is a removable singularity of f. 
| 


‘The definition of essential singularities given in 6.49 immediately allows us to see that the 
function f(z) = e!/? indeed has an essential singularity at z = 0, since, using the Taylor series 
expansion for e” with w = 1/z gives 

1 1 1 


—~pl/z — | | Ps bierasis 
i@=¢ =i oe aie 


This is a Laurent series for f centered at 0 and valid on 0 < |z| < ov. 

The behavior of a function near an essential singularity is very weird. Since the modulus 
of f near a pole of order m grows like 1/|z — zo”, and since the Laurent series of f at an 
essential singularity has an infinite number of terms in the analytic part, rather than just m, one 
might be tempted to say that the modulus of f near an essential singularity grows faster than 
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0.02 
0.01 

= 0.00 
-0.01 
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x 


Figure 6.5: Phase plot for f(z) = a. 


1/|z—zo|" for any M > 0. But this is not the case. Consider again the function f(z) = e!/?. 
Select any nonzero constant A € C and look for solutions of f(z) = A. We obtain: 


1 
fz) =A = —-=logA=In|A|+iarg(A) = In|A|+i(Arg(A) + 27k), k eZ. 
ba 


Since k can take on any integer value we see that w = 1/z has values whose imaginary parts 
(and therefore also whose moduli) are arbitrarily large in magnitude. This means there are an 
infinite number of solutions z whose modulus is arbitrarily small. In other words, f(z) = e!/? 
takes on the value of A an infinite number of times in any deleted neighborhood of 0. A relatively 
fine-grained phase plot of e!/? is shown in Fig. 6.5 where from the coloring it is evident that 
the values of arg( f(z)) are very complicated near z = 0. That this same behavior is true for any 
function with an essential singularity is Picard’s theorem.° 


Theorem 6.55 Picard’s Theorem. Jf Zo is an essential singularity of f then in each deleted 
neighborhood of Zo, the function f assumes every value in C, with one possible exception, an 
infinite number of times.“ 


The one exception for the case f(z) = e!/? is the value A = 0. Although the proof of 
Picard’s theorem is beyond the scope of this text, we will prove a related result. 


Theorem 6.56 Weierstrass’ Essential Singularity Theorem. Let Zo be an essential singu- 
larity ofa function f andlet A € C be given. ‘Then for each positive number €, and for each deleted 


3Charles Emilie Picard (1856-1941) was a French mathematician, and is known in complex analysis for his “Great” 
theorem, given here, and his “Little” theorem, which states that every nonconstant entire function takes on all values of C 
except perhaps one. 


4For a proof of this theorem see Titchmarsh [1939, p. 283]. 
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neighborhood Ns(Zo) \ {Zo}; there exists z € Ns(Zo) \ {Zo} such that 
| f(z) — Al <«. (6.6) 


Proof. Let 5 be sufficiently small so that f is analytic in Ns(Zo) \ {Zo}. For any given € > 0 
suppose there is no z in this deleted neighborhood that satisfies (6.6). Then the function 


1 
g(z) = =: 

F@—A 
is bounded (by 1/e) and analytic on Ns (Zo) \ {Zo}. According to Riemann’s removable singularity 
Theorem 6.54, zo must be a removable singularity of g. Thus, we may define g to be analytic at zo. 
Then either g(zo) 4 0, or g has a zero of finite order m at zo. (The order must be finite, otherwise 
g would be identically zero, which contradicts its definition.) It follows that the reciprocal 


1 
—— = f(z)-A, 
g(z) 
is either analytic at Zo or has a pole of order m at Zo, both of which contradict the fact that Zo is an 
essential singularity of f. We conclude that there must be az € N5(Zo) \ {Zo} that satisfies (6.6) 
for the given e. UO 


6.5.1 EXERCISES 


6.15. Suppose f(z) has a pole of order m at zo. Show that g(z) = (z — Zo)” f(z) is analytic 
in a deleted neighborhood of zo. 


6.16. If f(z) and g(z) have poles of order m and n, respectively, at z9, what type of singularity 
does each of the following functions have at Zo? 


ah) =f@+s@, (b)rAZ@=f@se@, (Ah = f@)/se. 
6.17. Suppose the function f(z) is analytic and has a simple zero at z = 0. Suppose that the 
function g(z) = f(1/z) has a pole of order three at z = 0. What can you say about f? 


6.18. Consider a function f that has a singularity at z} = 4 + 37, and possibly a second singu- 
larity at some point Z2, but no other singularities. Suppose f has a Taylor series centered 
at the point Zp = 0, given by 


IB = ya, 
n=0 
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with radius of convergence, Ro. Further, suppose f has a Laurent series centered at Zz; 
given by 
[o,e) 
f@= Yo nz)", 
n=—4 

where b_4 # 0, and that this series converges on 0 < |z — z;| < Rj. 

(a) What is the largest possible value for Ro? 

(b) What is the largest possible value for Ri? 

(c) What type of singularity is z1? 


5 
For the remainder of this question, assume dy = 3 and ay = nGi’ n> 
(d) What is Ro? 
(e) What can you say about the existence and location of z2? 
(f) What are the largest and smallest possible values for Ri? 


(g) What is f’(i)? 


(h) Let C be the circle radius one centered at zo. Compute i oo dz. 
c \Z—Zo 


6.19. Show that the function sin(1/z) has an essential singularity at z = 0. For any fixed 5 > 0 
find all points z € Ns(0) such that sin(1/z) =i. 
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Residues 


Suppose f(z) has an isolated singularity at zo. Then it has a Laurent series expansion around 
Zo, that converges on the region 0 < |z — zo| < R, for some constant R > 0: 


f(Z) = > An(z — zo)”, where dy, = : ) f@) dz (7.1) 
Cc 


~~ Oni z—zo)ttl 
“Zz ( 0) 


and C is a simple closed contour in this region with Zo in its interior. Since f is analytic in this 
region, we can deform the path C until it is an arbitrarily small circle around zo. This would not 
be possible if the Laurent series was only convergent on the annulus 0 < R; < |z— Zo| < R. 
The coefficient a_, of the series is given by 


1 
ar b f(z) dz. (7.2) 


Only the coefficient a_; involves an integral of f only; all other coefficients involve integrals of 
f times some power of (z — Zo). Since the contour C can be shrunk to an arbitrarily small circle 
around Zo, the coefficient a_, is called the residue of f at zo. (Think of it as the quantity, divided 
by 2zi, that is left over when you integrate f around Zo on a circle that becomes vanishingly 
small.) 


Definition 7.1. The coefficient a_; of the Laurent series (7.1) centered at zo and valid 
on 0 < |z — Zo| < R, with formula given by (7.2), is called the residue of f at zo and is 
denoted 


an = INES 7/4) 
Z—Z 


7.1. CALCULATION OF RESIDUES 


One could compute a_, directly from the integral formula (7.2) by parameterizing the curve C 
and doing the contour integral. But there are generally better ways to get the residues of f. 

First we consider the case where Zo is a pole of order m for f(z). In this case, on 0 < 
|Z — Zo| < R, f has a convergent Laurent series given by 


a a— a 
Caan ae ee: + ao + ai(Z — 20) + a2(z — 20)? + °° 


f@)= 
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Define 
(z—Zo)" f(z) if0 <|z—Zo9| < R, 


dan if z = Zo. 


g(z) = 


‘Then clearly 


o(2) = dam + ama (2 — 20) 4 + a4 = 20)" Page — 20)" 4 , 


which is a Taylor series for g that must be convergent on |z — Zo| < R since its coefficients are 
the same as the convergent Laurent series, just shifted. Thus, g is analytic on this region. But 
by Taylor’s theorem we know that the coefficient of (z — zo)’"~! for a Taylor series of g(z) must 
be the (m — 1)-th derivative of g evaluated at zo and divided by (m — 1)!. Therefore we have 
established the following formula for the residue at a pole. 


Theorem 7.2 Residue ata Pole. [20 is a pole of order m for f, then the residue of f at Zo 
1s 


1 qm} 
a — Res f@)= jim =e ((Z 


zo)” f(z). (7.3) 
For poles, the above formula is often very useful for computing residues. 


1 
Example 7.3 Find the residue of f(z) = cr ale ay = ©. 
in 


‘The point zo = 0 is a simple pole, so 


=0 1 
Res f(z) = = lim — (3 ) = lim = jl, 


z>0 0! \ sinz z—>0 COSZ 


where we have used L’Hopital’s rule to compute the limit. 


COS Z 


een). 


‘The point zo = z is a pole of order three, so we have 


Example 7.4 Find the residue of f(z) = 


aie 2G) = ar 


R rae Ge ee 
ae ee aa im Wale COS) = 
=5 
Example 7.5 Find the residues of f(z) = a atop — 4 ieanczg¢— iS 


(2 —4i)(2 +3)? 
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‘The point zo = 4i is a simple pole, so we have 


25 ney z-5 \_ 4i-5 
A aia a (© ti) oe) = tim, (FG) = (4i + 3)2 
_ (4i oe: TGi= SET = 241) — 133-921 


Gs. 7 (25)? py 
‘The point zo = —3 is a pole of order two so the residue there is 
il @ z—5 af 7-5 
= lim 2 = lim — 
as (« 2 i cameras = 23-3 dz (- =a 

; z—4i —(z—5) 5-4 —133 — 927 

= lim - = = = 
z>-3 (z—4i)? (—3 — 4i)? (Qs)2 


where we have obtained the last equality by noting that the expression is just the negative 
of the expression for the residue at z = 47, which we have already computed. 


Another very important way of computing residues is to use known series expansions, as 
the next examples illustrate. 


Example 7.6 Find the residue at the essential singularity zo = 0 of f(z) = e7!/7. 


CO on CO n 
z ae ey i al 
° dX ! i dX nz? iG a 24 


So the residue is —1. 


1 
Example 7.7 Find the residue at z = 0 for f(z) = 


z(ez —1) 


We can do this in three different ways. 


Method 1: The point z = 0 is a pole of order 2 since 


é 2 Sa Z See ie 
Py? IO) = aa ee =) 


Using our formula for the residue at a pole we have 


7 ' i Z )=n oes ea Ce ee 
Res f(c) = lim 5 pea ee (e7 — 1)? eso 2(e7 — le? 


= lim ——— _ = lim ——— 


1) ure 
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Method 2: Instead of multiple applications of L'Hopital’s rule, as in Method 1, we 
can use the known Taylor series for e* to compute the residue. 


d Z _ @ é 
Bea) i —|- = (—eh] 


d i fee (ELE Za e 1 
mehr 5 = lla onlligil = : 
We eae See Sp see 


1 1 
Method 3: Since e? — 1 = z+ - + +++ we have = . By long 
z(e Za ei 


division we get 
ie 
z(ez7—1) 22 2z : 


hence, the residue is —1/2. 


7.1.1. EXERCISES 
7.1. For each of the following, find the residue of f at Zo. 
(a) fe) = 2, 29 =2 (b) f@)=22c08(*4), 9 =0 
a) f(z ~ GaP f(z) =2z cos (=). 20 = 
(c) f(2)=— x, 2=2 (d) f(Z)= 


sin a 


vis 


4 A | 
ager Te) 


7.2. Give an argument as to why the residue at a removable singularity is always zero. 


7.3. Was the fact that the residues calculated in Example 7.5 were negatives of each other 


just a coincidence? Let z; and z2 be distinct complex numbers and let A, B € C. Show 


that if 
Az+B 


f@= 
(z — 21)(z — 22)? 
then the residue of f at z = z is the negative of the residue of f at z = Zp. Is the 
statement true if both A and B are zero? 


7.22 "THE RESIDUE THEOREM 


The main use of Eq. (7.2) is not to compute a residue by a contour integral, but rather the 
other way around, to have an easy way to compute @. f(z) dz by residues. If the residue can 
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be computed, for example, in any of the ways shown in the previous section, then multiplying 
that result by 27ri will give a value for the integral. This is valid for contours enclosing a single 
singularity. Thanks to path deformation, we can compute integrals around many other contours 
C using residues of the singularities that are enclosed by C. This is the residue theorem. 


Theorem 7.8 Residue Theorem. Let f(z) be analytic inside and on a simple closed contour 
C except at a finite number of singularities zy, k = 1,2,...,n, that occur inside C. Then 


) f(z) dz = 2ni )- Res f(z). 
c ae 


Proof. Put small circles Cy of radius R around each point zx so that none overlap with each other 
or with C. Since f is analytic between these circles and C, by the Path deformation theorem 
we get 


b fled: “rg. F(z) dz. 


But, for each zx, f has a Laurent series that converges on 0 < |z — zx| < R with residue equal 


1 
to —— f f(z) dz. Therefore, 
2ni Jc, 


f fle)dz = Ini” Res fle), 
. ia 


0 


This theorem is just an extension of the formula @. f(z) dz = 2aia_1, which is valid 
when C surrounds one singularity of f and where a_, is the residue of the corresponding 
Laurent series. With the Residue theorem we can deal with contours that surround multiple 
singularities. 

The Residue theorem can also be viewed as a generalization of the Cauchy—Goursat the- 
orem, which would be the special case when there are no singularities of f inside C. 


eS dz where C is the unit circle centered at the 
z Log (1+ 3) 
origin and Log(w) = In|z| + i Arg(w) with —m < Arg(w) < 7, is the principal branch of 
the logarithm. 

The branch cut for Log (1 + 4) extends horizontally to the left of z = —2 on the real 
axis, thus the circle C does not intersect it. Hence, the only singularity of the integrand 


Example 7.9 Compute f 
Cc 
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within C is the point z = 0. We have that 


Log(1 + 2) ae — Log (1 + =) es im 
“i — SS aaie V4. = SOPs) 
og us oe fy) oe 
gg? 
cos(z) = i ae 
So a Laurent series )°,,<7, dnz” for the integrand satisfies 
ye ag Ee ea 
ee ere ee Wie ee ee 
mt al d tnz (5 8 | 24 ) 
neZ, 
Equating powers of z we get d, = 0 forn < —2 and 
de 
z9: 1= a => d_»=2, 
(ne WES 1 
1 
Oat re ara = di=- 
7 oO aD 


So the residue of the integrand at z = 0 is 1/2 and 
p cos(Z) Ae 
c zLog(1+ Z) 


Let us reconsider Example 6.46. In that example we sought Laurent series for f(z) = 
valid on (a) 3 < |z| < oo, (b) 1 < |z| < 3, (c) |z| < 1, and (d) 0 < |z—i| < RK. 


| 
= 


Z 
(z—i)@ + 3) 
The results were 


[e,2) 


Ai” —3)"B 1 —l 
Gt fgs= > cece ee with A = ae and B = ae Thus, the coefficient of z~! 
n=0 
was Ai — 3B. 
yt oe II <i . 
(b) f(z) = > = a a . Thus, the coefficient of z~! was Ai. 
n=0 n=1 
=f A... (1B 
() f@y= ye & af 2 ) z". Thus, the coefficient of z~! was 0. 
n=0 
(d) The coefficient of (z —i)~! was : -= Ai 
341 


Since i and —3 are both simple poles of f it is easy to calculate that the residues of f at these 
two points are Ai and —3B, respectively. We see then immediately that the sum of these two 
residues was equal to the coefficient of z~! in (a) since the inner circle of the annulus enclosed 
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both singularities. However, for both (b) and (d), the coefficient of z~! or (z —i)~!, respectively, 
was just the residue at 0, since only that singularity was enclosed by the inner circle of the annulus 
in those problems. Finally, the coefficient of z~! was zero in (c) since no singularities were inside 
the region. 


7.2.1 EXERCISES 


7.4. Use the Residue theorem to compute ¢. f(z) dz where C is the circle of radius 5 cen- 
tered at the origin. 


z*—4 Zz 


3,,1/z 
(a) ze”, (b) ee (c) 


2—sinz 
[For (c) be careful to find all the singularities of the function. You will need a calculator 
to verify which ones are inside C.] 

7.5. Let Log be the principal branch of the logarithm. Evaluate 


1=$ Log(S—z) | 1 
Je (i? | e +i 


’ 


(a) if C is the circle radius 3 centered at 2i, 
(b) if C is the circle radius 2 centered at 2. 


7.6. Suppose f has a Laurent series given by 
f@\= > yz”, R < |z| <@, (7.4) 
neZ 
where R > 0. Let C bea simple closed contour completely within the region R < |z| < 
oo, which has zero in its interior. We know that 


f f(z) dz = 2mia_,, 
Cc 


and that a_; is the sum of the residues of f inside C. Thus, to compute & f(z) dz 
one could compute all the residues of f inside C. Part (a) of this problem illustrates 
an alternative way to compute f. f(z) dz, namely by computing a single residue of a 
related function. It works because the series (7.4) is valid out to oo, that is, when f has 
no singularities outside C. 


(a) Replace z with 1/z in the expressions in (7.4) to find a Laurent series for f(1/z) 
and its region of validity. Now show that 


) f(z) dz = 2mi Res (s0/2)) : (7.5) 
Cc z=0 \Z 
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(b) Use the result (7.5) to compute &. f(z) dz where f(z) = z!'(z — 1)/(z'? + 64) 
and C is the circle or radius two centered at the origin. 
(c) Use the result (7.5) to prove the following theorem. 


Suppose f(z) = P(z)/Q(z) where P and Q are polynomials and the degree of Q 
is two or more larger than the degree of P. Let C be a simple closed contour that 
completely encloses all the zeros of Q(z). Then ¢. f(z) dz = 0. 


(d) Verify the result of (c) for the function f(z) = (z — 14+ 5i)/(z? + iz? + 6z) by 
finding all the residues and showing that they add to zero. 


7.3. CALCULATION OF CERTAIN REAL INTEGRALS 


In this section we illustrate how certain real integrals can be computed by complexifying the 
problem in an appropriate way and then applying the residue theorem. 


7.3.1 INTEGRALS OF THE FORM fis F(cos 6, sin 0) d0 


The technique for this type of integral is to define z = e? and use the fact that cos 6 and sin 0 
may be expressed as 


z+z! . zg—z! 
sin 0 = 


d= ; 
cos 5 F 


Further, we have that dz = ie!9d@ = izd0. It follows that 


20 =i os! 1 
r= [ F (cos, sin8) d8 = r (=e — ) — dz, 
0 C 2 2i 1Z 


where C is the unit circle centered at the origin. The Residue theorem may then be applied to 
this last integral to compute its value. 


2? 1 + sing 
Example 7.10 Evaluate J = / ese : 
0 2+ cosé 


Using the above transformations we have 


ee 249i7—-1 
t= 4 ca=g tiie dz. 
C24 22> iz c —Z(z24+ 424+ 1) 
Let f(z) be the integrand. The denominator of f is zero at z = 0 and z = —2 + V3. Of 
these only z; = 0 and z2 = —2 + /3 are inside the unit circle C centered at 0, and they 
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are simple poles. Then, by the Residue theorem, 
2 
I = Qari oS Res f(z) = 20i (ime — 72) f(z) + lim Z@- 2a) f(2)) 
= Z=Zk Z—*() Vio eg) 


= ele 2a all 
=2ni|—-+ lim 
eee ae 0) 


eee pee es vel 
(2— V3)(2V3) 


= ae (2- V32V3) + 6—4V3 + i(-4+ 2V3)) 
20i : = oe 
= one ies ae, 


7.3.2 IMPROPER REAL INTEGRALS 
In real analysis there are two types of improper integrals: 


[e.2) 


1. At least one of the limits of integration is unbounded; for example, / sin(x) dx or 


so 0 
/ x dx. 

; . ae . 1 

2. The integrand is unbounded; for example, i 7 dx or i 

0 — 


———— dx. 
nx 1 —cos(x) ’ 


Be definition, these improper integrals are said to converge if the “improperness” is removed, but 
in the limit the integral is bounded. So, if f(x) is defined for all x € R, and if g(x) is unbounded 
as x > 0, then 


lee) R 
/ f(x)dx convergesto lim / f(x) dx — if the limit exists, 
0 R->0oo 0 
oo 0 R 
i f(x) dx converges to lim / f(x) dx + lim ; F(x) dx if both limits exist, 
= R>—-o JR R>o Jo 
1 1 
i g(x)dx converges to lim / g(x)dx ifthe limit exists, 
0 EO Je 


1 € 1 
i g(x)dx convergesto lim ( g(x)dx + lim / g(x)dx if doth limits exist. 
-1 e>07 J_y e>0t Je 
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Note that in this definition, when the improperness is “two-sided” it is required that two limits 
approaching from either side are both finite. There is a slightly weaker definition of convergence 
for these “two-sided” improper integrals. called the Cauchy Principal Value (P.V.). It is defined 
as 


oo R 
Pv. ff foydx = jim f flsyds, 


1 Ee 1 
py. g(x)dx = lim | g(x) dx + / g(x) ax| . 
a4 e>0t | J-1 € 


This is indeed a weaker definition since for f(x) = x we have 


lee) 0 R 
xdx = lim xdx + lim xdx does not exist since neither limit exists, 
are R->—oo JR R>ow Jo 
however, 


ror) R x? x=R R2 R2 
py. [ xdx = lim xdx = lim | — = lim | — -—]=0 
x=-R 2 


66 R>oo J_R R->0oo R->oo 2 


1 
; : 1 ; ; 
Similarly, the stronger definition of the improper integral - — dx does not exist because nei- 
=1 Xx 


ther of the limits 


= if | 
lim i —dx and lim i —dx exists. 
€ 


e>0- J_1 xX e>0t x 


ae | ‘4 
pv.f —,dx lim | wdx+ f =a] 
= * e>0T a4 & e x 


lim [In |—e] — In |-1| + In|1| —In|e|] = 0. 


e>0T 


However, 


‘The Residue theorem can be used to evaluate the Cauchy Principal Value of certain types 
of improper integrals. The general idea is to complexify the problem by replacing x with z, then 
define a contour C on the complex plane that includes, in an appropriate limit, the portion of 
the real axis in the original problem. If one can then calculate the integral on the remaining 
portion of C, one can use this value and the Residue theorem, which gives the value of the 
integral around all of C, in order to find requested integral. We shall dispense with the “P.V.” 
notation in front of the integral sign, and instead simply assume that the improper integral is to 
be computed as a Cauchy Principal Value. 
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-R oo R* 


Figure 7.1: The contour C composed of the straight line L and the semicircle I. 


Integrals of the form pe F(x) dx 
Let C be the contour made up of the straight line L from —R to R on the real axis and the half 
circle [' of radius R centered at 0 and lying in the upper half-plane, as shown in Fig. 7.1. Then 


b Fiydz= f Fiyax+ [ Fevdz 


‘The integral around C may be computed using the Residue theorem. If we can show that in the 
limit as R tends to infinity, the integral along I is zero, then the integral around C will be equal 
to the Cauchy Principal Value of [°° F(x) dx. 

Whether the integral along I’ will be zero or not depends on the function F that is being 
integrated. The next theorem gives a class of functions for which the assertion is true. 


Theorem 7.11 Let T be the contour z(@) = Re? 0<0<xn. If when R is sufficiently large, 


M 
|F(z)| < ne forz © T, wherek > 1 and M are constants, then 


lim | F(z)dz =0. 


R>o Jr 


Proof. Bounding the modulus of the integral we have 


. M . Mn 
< lm —z7R= lim —— =0 
R>oco Rk R>oco Rk-1 


lim i F(z) dz 
R->0oo T 


since k > 1. Therefore, lim / F(z)dz =0. O 
R>ow JP 
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Corollary7.12. If F(z) = 
then 


a , where P and Q are polynomials with deg Q = 2 + deg P 


lim i F(z) dz = 0. 
I= ES) TP 


Proof. Let p and q be the degrees of P and Q, respectively, then, as |z| = R gets large, the 
leading terms of P and Q dominate so that on I, 


P(z) pz? a 
|F@| = ge el 
Q(z)| | bgz4| [bg | RI-? 
Since q — p > 2, it follows that | F| < & where M = a and k > 1. Theorem 7.11 then ap- 
d 
plies. O 
[o.e) 
Example 7.13 Evaluate J = [= Tae = dx, for b > 0. 


Let C be the path [—R, R] on me real axis together with the arc I defined by z(6) = 
Re’? , OKO < H. 


Let /F(zZ) = 4p: Then by Corollary 7.12 jim il F@)\az— 0. Wheretore, 


R lee) 
eieeetfoseentd F(x)dx+0=T. 


Now the integral on the left cto: all of the upper half-plane. The only singularities of F 


are z = (—b)!/4 = |p|!/4 ¢ le) ,k =0, 1,2, 3. Two of these are in the upper half-plane, 
|b|!/4 in/4 and z> = io)/4 6 13/4 So by the Residue theorem 


namely z; = 
lim F(z) dz = 2zi (Res F(z) + Res F()) : 
R>w JE Z=Z1 Z=Z2 


Both singularities are simple poles so, using L'Hopital’s rule we have 


a a 
TAL b 292, 423 4h3/4ei3n/4 


Res F(z) = lim (2 — 2) 
Z=Z| ZZ] 


Similarly, Res F(z) = Summing these two residues gives 
es g 8g 


a 
Apb3/4ei9n/4° 


a V2 V2 Nee (NS Na a2 
Ap22\ =) 1) 453 2B 2 Anse 
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ie | = anJ/2 


Therefore, J = 27 ( 4p3/4 | 2p3/4" 


lee) 2 


Example 7.14 Evaluate J = i aaa Ose. 
Since the integrand is even, 2/ is the integral from —oo to oo. Let C be the path as in 
2 
the previous example. Let F(z) = then by Corollary 7.12 Jim / Fe da) 
=e) 


‘Therefore, 


R lee) 
gn. rerae= gm] [ ronars [ rear =| Foyax+0=20 


Z 
(2? + 3)?” 


The poles of F are z = +/3i. Both are order two, but only z = /3i is in the interior of 
C. The residue of F at this pole is 


2} 
Res F(z) = lim £ («-v3?F@) = Tee ( ) 


z=J/3i z—>/3i AZ z>J/3i dz (z+ J/3i)? 
: DAG ay Gi)> = 22 or) : Daa Bt i= 227) 
= linen, = him 
A/S (Zz + J3i)4 Ni G + J3i)3 
263i). ee! 


sie ey spe 
‘Thus, 


1=1(0"(a)) =e 


Integrals of the form koe F(x) cos(mx) dx and i. F(x) sin(mx) dx 
Integrals with integrands containing a factor of sin(mx) or cos(mx) can also be evaluated in a 
similar manner. ‘The key idea is that if L is the real axis from —R to R we may write 


R . 
/ F(x) cos(mx) dx = Re (| F(z)e'™ dz) 
=R L 


and 


R . 
/ F(x) sin(mx) dx = Im (| F(z)e’™" dz) : 
-R i 
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‘y =20/n y =sin 0 


0 n/2 x * 


Figure 7.2: The straight line y = 20/7 is below y = sin for 0 < 6 < 7/2. 


‘Thus, we consider the contour C made up of L and I’ and compute 


if F(z)e'™ dz = F(z)e’™ dz +f F(z)e’™ dz 
c L ii 


by the Residue theorem. Then, as before, if we can show that the integral along I’ goes to zero 
as R goes to infinity, then either the real or imaginary part of the integral around C will be the 
Principal Value of the original integral. 

First we establish the conditions under which the integral of F(z)e’"” along I’ vanishes as 
R gets large. 


Theorem 7.15 Let T be the contour z(0) = Rel? 0<6<n. If when R is sufficiently large, 
M 
|F(z)| < Re forz €T, where k > 0 and M are constants, then 


lim | F(z)e”? dz =0, meéR, m>0. 
R>o Jp 


Note that in this theorem the condition on k is more relaxed than in Theorem 7.11. The 
presence of the exponential term is what allows us to do this, however the proof is more involved 
than the previous theorem. 


Proof: Parameterizing the contour and then using the usual inequalities of integrals we get 


i F(z)e’™ dz 
r 


a F (Rei? )eim(R eos 9+iRsin 9) pj gi gg 
0 


ea 
<[ |F(Re'*) Rew sin é d0 
0 
M XT ; 2M x/2 ; 
< ak e mR sin 6 d= =k | e mR sin 8 dé, 
RK 0 R* 0 


where the last inequality is due to the fact that sin 6 is even around 6 = 1/2. Now, as shown in 
Fig. 7.2, the line y = 20/z is underneath sin 6 for 0 < 0 < 1/2. 
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Therefore, 
i F(z)e’™? is) 2 ark [ e7mR20/1 d= ae R| eis gon 
r ~ RE Jo Rk L2mR 0 
Mn —mR 
= — 1). 
mR* = oy) 
Since k > 0, the above quantity goes to zero in the limit as R goes to infinity. O 
IP(@) 5 ; 
Corollary7.16 Jf F(z) = 0G)’ where P and Q are polynomials with deg Q = 1 + deg P 
a 


then 
lina @\e 2 dz = 0. se yonm = 0: 


R>ow Jp 


Proof. Let p and q be the degrees of P and Q, respectively. Then, as |z| = R gets large, the 
leading terms of P and Q dominate so that on I, 

P(z) 
Q(z) 


= lap 
bg] RIP 


Pp 
ApZ 
bgz4 


y 


|F()| = 


Since g — p > 1, it follows that |F| < a where M = ey and k > 0. Theorem 7.15 then ap- 
d 


plies. O 


SO 56 Silk 5 


Example 7.17 Evaluate J = i dx, where a > 0. 


9 x2+4a 
Since the integrand is even, 2/ is the integral from —oo to oo. Let F(z) = 


? 


2+a 
1 
then | F(z)| ~ po Tas R — oo, hence, Corollary 7.16 applies and the integral along T° 


vanishes. Therefore, in the limit as R — ov, 


21 =Im ip F(z)e!” a:| = Im 
G 


2ni de Res rex| = Day Ie 
k 


ys Res rex| : 
ep Z=Zk 
where the zx are the poles of F(z) in the upper half-plane. The only such pole is z = i /a, 


and it is simple. Thus, 


ake 


Zia 


Res ree : 


Now 
zelz ifae Vv? eve 


pee Saree 2) G=iVaesiva) ) i2/a 0 2 
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Therefore, J] = ev ; 


Example 7.18 Evaluate ] = / 


Lee F(Z) = 


lim 


R>o Jp 


where zz are the poles of F(z)e 


namely 


°° cos(4x) 
ae ee 


Then clearly Corollary 7.16 applies 


O56. 


7 Ak jl 


F(z)e'*? dz = 0. Therefore, we have 


i = Re (¢ F(z)e’*” dz) = Re (2m S, Res rex) 
(C! k Z=Zk 
te eal Res F(z)e’” |, 
a Im (x Ee (z)e 


i4z 


71= ei Fl = eit/2 ae 73= ei /6. 


all of which are simple. Computing the residue of the first pole we have 


= 14z 
Res F(z)e!*? = iki (z = z1)F (z)e!*” = lim oes 
Z=Z4 Zeca Zeal ge a 1 


el4z 2 (z = z1)4ie*!? e! 471 


= lim = : 
ZZ 6z> 627 
; ei4z2 ; e! 423 
Similar calculations give Res F(z)e’*”7 = —— and Res F(z)e’*? = —. 
z=2 62 z=23 62 


3 
these three residues is straight-forward but simplification takes some effort: 


3 


exp (i4(/3/2 Es i/2)) _ en li4@) OP (i4-v3/2 Ee i/2)) 


6157/6 6e157/2 6ei257/6 


so that 


in the upper half-plane. There are three such poles, 


Summing 


z [exw (-2+ (2v3 =) i exp ( 4) + exp ( 2+i( OE 


lew (i (2v3 =)) i exp ( 2) + exp (=i (2v3+2))]. 


=) 
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—R Ti -e fe ia R* 


Figure 7.3: A contour with a vanishingly small semicircular arc to avoid a singularity at the 
origin. 


The above can be simplified further by noting that 52/6 = x — x/6 and e~'” = —1. There- 
fore, 


=2 


— |- exp (i (2v3 = al = exp a2) a exp (-i (2v3 a. =))| 


= = |-2i sin (2V3 + =| = ie~?| 


nv 
II 


Taking the imaginary part of S we have 


Im(S) = a [2 sin (2v3 a =) = | 


Finally, 


oe aS a [2sin (2v3 a =| = e| ; 


Integrals with Improper Integrands 
We can also do some improper real integrals that are improper due to both having unbounded 
limits of integration and having an integrand that is unbounded. For example, consider the 


integral 
I [ sin(x) dx. 
0 Xx 
ae 
Since the integrand is even, 27 = aa) dx. 
x 


—oo 
To compute this integral we consider the path C = Ty + Ly + Iz + Lo, where the con- 
tours Tj and L; are shown in Fig. 7.3. The contour [2 is a small half circle of radius € that is 
introduced to avoid the singularity of the integrand at z = 0. By the Cauchy—Goursat theorem 
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we know that &. < dz = 0, and by Corollary 7.16 we know that limroo Ir, = dz = 0. The 
contours L, and L» will together approach the entire real axis as both R — oo and € — 0, so it 
only remains to consider the value of fp, e* dz in the limit as € — 0. 

To compute this last integral we may using the following result for vanishing arcs around 


simple poles. 


Theorem 7.19 Vanishing Arcs Around Simple Poles. Jf f(z) has a simple pole at z = Zo 
and is the arcY = zo + €e'®, oi < @ < do, then 


tim i fle) dz = (G2 $1) Res 2). 


Proof. ‘The Laurent series for f valid on 0 < |z — zo| < R for some R is 


a_-] 


f@)= 


[o,e) 
a 
— +) an(z — 20)" = + g(z), 
Z—Zo = Z— ZO 


where g is analytic. Therefore, 


$2 : 
[ t@az= f “eielt de + | g(z)dz. 
r go, €e r 


Now fr 2(z) dz| < maxzer |g(z)| €(¢2 — $1), which tends to 0 as € vanishes. Therefore, 


$2 
lim [fe dz -[ a-jidod +0 = a_i(¢2 — $1). 


Since Res,~,, f(z) = a_1, this completes the proof. O 


A note of caution that the above theorem is only valid for simple poles; there is no anal- 
ogous theorem for poles with order greater than one. 
Returning then to the example we have 


[oo iz 
2i = / ene, dx =Im|{ lim / — dz 
-—c x /(pEe Li+L. 2 


0 
elZ elZ elZ 
= 1m lim f dz / dz dz 
asple 2 In 2 Im? 


1z 
= Im (0-0- 10-1) Res =) = Im (in) =x. 
z=0 Z 
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Therefore, J = 1/2. 
‘The trick of introducing vanishing circular arcs can also be applied to other singularities. 
Consider the integral 


‘The integrand again has a singularity at x = 0 since the logarithm is undefined there. To compute 
this integral we may choose the same contour C as depicted in Fig. 7.3 and choose a branch of 
the complex logarithmic function such that the branch cut is outside C. In particular, we may 
take 


; oe 31 
log(z) = In|z| +i argz, where = 5 <argz < 5 


With this branch of the logarithm we define 


_  logz log z 
TO = Gai GPE +i 


The only singularity of f inside C is z =i, which is a pole of order two. Therefore, by the 
Residue theorem, 


_. d_ logz $2 +i)? —2(z +i) logz 
[ fede = ani lim ES, = ai lim Ew 
_n_, {4i—4ilogG)\ _ —x a 2 = I 
= 271 ( 16 ) aaa (1 — log(i)) = > (1 ae 


‘The integral we are interested in is the integral of f(z) along L> in the limit as R > oo and 
€ — 0. We therefore need to know the integrals along the other arcs that make up C. Along 
the integrand satisfies 


_ La 


fs InR+i0 . 
1m = um ~y 3 
R-voo |4Re!29(R2e20 + 1)| 44 


Roo | (R2e!28 + 1)? 


Therefore, by Theorem 7.11 the integral of f along I; is zero in the limit as R > oo. On In we 
have 


° Ine+iO . 46 
* f(z) dz =| (e2e?28 4 2° dé, 


but 


] 1 
le ine =i i ke 


im ——~ = 0. 
e>0 e>01/e  «>0 —1/e? 
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We conclude that lim,_+9 Sr, f(z) dz = 0. For the portion along Ly = xel™, e <x < R, we 


have 
€ log(xe’”) [ log(x) + iz 
dz = SF bm = tA Ses 
[ J(2) - (x2e12" + 12° dx - (x2 + 1)2 dx 
R log x ; R 1 : a 1 
} ore tix | cape de i tix | G+ ern” 
This last integral may be computed using the methods described above. The reader should verify 


that 
~ 1 a 
/ @aie a 


Given these results we may now compute J from 


I 


[ foa=$ soa | fede—f feyas- fi f(z)dz 


= (1 i5) 0-0 (1+ixt) =-1-5. 


Therefore, [ = -4. 


7.3.3. EXERCISES 


7.7. Compute the following real integrals using the Residue theorem: 


2 dé 20 dé 
@) | 2+sin 0’ ) | 4—2sin0 —cos@’ 
on sin 0 27 cos? 6 
dé, 
(c) i (5—2sin (5 —2sin 6)2 (d) [ 34 aane 


7.8. Use the residue theorem to compute the following real integrals, where a > 0. 


x2 cos 3x x3 sin x 
@ | wrens” 6) [rom ao © |r Pra tas 


7.9. Show that 


(oe) 2x 
/ — dx = sec(1), 


oo cosh(s x) 


by integrating e?7/cosh(zz) around rectangles with vertices at z = +R, R+i, and 
—R-+i, where R > 0. 
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7.10. By using a contour that has small indentations around the singularities on the real line, 


7.11. 


compute 
°° x cos(x) 
I= d 
a x*—3x+2 
Show that 
a x joa 2 [1 — cos(az)] 
o x2-1 ~  Qsin(a) 


where —1 <a <1, anda ¥ 0. [Hint: Set z* = e®'°8? and choose the branch cut of 
log to lie on the positive real axis. Then consider a contour composed of a large circle 
centered at the origin, a small circle centered at the origin and two contours along the 
top and bottom of the branch cut, both with an indentation around z = 1.] 
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CHAPTER & 


Conformal Mapping 


In this chapter we give a short introduction to conformal mapping. More extensive coverage of 


this topic can be found in Wunsch [2005] and Churchill and Brown [1990]. 


8.1 CONFORMAL MAPS 


Look back at the figures in Chapter 2 where regions R in C were mapped to their images under 
various analytic functions f(z). In each case notice that the curves in R that crossed at right 
angles also crossed at right angles in the image. As we shall see in this section, this property is 
generally true for curves that cross at any angle. 

Let I, be a smooth arc with parameterization z(t), t € [a,b], and let f be an analytic 
function on [’;. The image, C), of) under the transformation w = f(z) is given parametrically 
by w(t) = f(z(t)), t € [a,b]. By the chain rule we have 


w'(t) = f'@@)2'O. 


Now since z(t) is smooth, by definition z’(t) 4 0 fort € [a,b]. For some to € [a, b] assume that 
Zo = Z(to) isa point such that f’(zo) 4 0. Then both factors on the right-hand side of the above 
equation have a well-defined argument. Therefore, 


arg(w'(to)) = arg(f"(Zo)) + arg(z'(to)). (8.1) 


Now 2’ (fo) is the tangent vector to I’; at zo and w’(¢o) is the tangent vector to C; at wo = f (Zo) 
(see Section 4.1.1), thus arg(z’(to)) and arg(w’ (to)) are the directions of ['; and C; at zp and wo, 
respectively. The above equation tells us that the direction of C, at wo is rotated by arg( f’(Zo)) 
compared to the direction of I at zo. But this same argument also holds for another smooth 
arc 2 and its image C>. Therefore, if [, and I, intersect at a point zo with angle ¢, then their 
images C, and C) intersect at wo with the same angle ¢, since both C, and C2 have been rotated 
by the same amount, namely arg( f'(Zo)). Mappings with this property are called conformal. 


Definition 8.1 Conformal Map. A mapping w = f(z) that preserves both the magni- 
tude and sense of the angle of intersection between any two smooth curves intersecting at 
Zo is said to be a conformal mapping at Zo. If f is conformal at every point in a domain D 
then f is said to be conformal in D. 
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Definition 8.2 Isogonal Map. A mapping that preserves the magnitude but not neces- 
sarily the sense of the angle of intersection is called an isogonal mapping. 


Our discussion above is a proof of the following theorem. 


Theorem 8.3. If f is analytic in a domain D then f is conformal at each point z in D where 


f'(2) £0. 


Example8.4_ Show explicitly that the function f(z) = 1/(z + 1) preserves the magnitude 
and sense of the angle of intersection of the arcs [ and I’ with parameterizations z;(t) = 
t +it and z2(t) = 1+ it. 

Clearly, I’, is the line x = y and I> is the vertical line x = 1, which intersect at 
the point z = 1+ i with angle 2/4 (measuring from positive I’; direction to positive I’ 
direction). This intersection occurs when t = 1 in both parameterizations. The images of 
I, and I, under f are 


1 1 
< Ese ij) =———., 
ener ae aD) (a one 


‘The tangent vectors to these at t = 1 are 


Cis th®)= t € [a,b]. 


all = Zi i 4-3) 
pe MENS OEE ee eel 
ON = 7) ee Tee 
2 NAN DDE a aE 25 


‘The ratio of these two vectors is 


eo et a 4 td) = 25h 250 ete pin/4 


wi) 7 +i 50 50m an vo 


Thus, when w{(1) is multiplied by wa e'7/4 it becomes w(1). Recall that multiplication 
scales and rotates, so the angle from w{ (1) to w4(1) is 7/4. 


Example 8.5 Show that the map f(z) = Z is isogonal but not conformal. 

Since the action of conjugation is simply reflection across the real axis, it is clear that 
the magnitude of all angles between two intersecting curves is preserved. However, the sense 
is reversed, since if I; has direction 0; and 2 has direction 62 at a point of intersection 
zo, then the images of I’) and I will have directions —0; and —6 at f(zo). So the angle 
from I; to Tz is ¢ = 62 — 41, but the angle from the image of T'; to the image of T2 is 


W = (—62) — (-41) = —¢. 
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Figure 8.1: Level sets for the real and imaginary parts of f(z) = oF 


That analytic functions are conformal allows us to easily show a special geometric feature 
of harmonic conjugates. Let f(z) = u(x, y) + iv(x, y) be an analytic function in a domain D, 
then v is the harmonic conjugate of u. For any constants K; and K2, the level sets u(x, y) = Ky 
and v(x, y) = K2 in D are mapped by w = f(z) to vertical and horizontal lines in the w- 
plane, respectively. Since horizontal and vertical lines are orthogonal to each other at points 
of intersection, it follows from the conformal nature of f that their preimages u(x, y) = Ky 
and v(x, y) = K2 are orthogonal at points of intersection. Therefore, the level sets of u are 
orthogonal to the level sets of v. 


Example 8.6 Consider the analytic function f(z) = eF = u(x, y) +iv(x,y) = 
ex -y” cos(2xy) + iex -¥ sin(2xy). Level sets uw = K, and v = K9 for various constants 
K, and K are shown in Fig. 8.1. Clearly, the level sets u = K, cross the level sets v = K> 
orthogonally. 


8.1.1 EXERCISES 


8.1. Show that the function f(z) = sinz is conformal at all points except (2n + 1)/2, 
n € Z. Sketch the image under f of the semi-infinite strip —17/2 < x < 1/2, y>0 
and note how the preservation of angle is lost at the points where the mapping is not 
conformal. 


8.2. Show that the map 


w= fey=5(2+2) 


maps the portion of the upper half-plane outside the unit circle to the upper half-plane. 
‘That is, it maps R = {z € C : Im(z) > Oand |z| > 1} to R’ = {we C : Im(w) > 0}. 
Where is this map not conformal? 
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8.3. Show that the map 


1 
w= f@= > 


maps the disk radius R centered at z = R to the half-plane w > 1/(2R). 


8.2 APPLICATION TO LAPLACE’S EQUATION 


One of the applications of conformal mapping is to the solution of problems involving Laplace’s 
equation on an open connected two-dimensional region, Q, with some prescribed conditions on 


the boundary, dQ. The problem 


hx +hyy = 0 Gywelic rR’, 


NG) =G) Gag) eee ee 


is called a Dirichlet problem, which is Laplace’s equation for the function h holding on Q and 
the value of h specified on the boundary d2.' The boundary condition itself is called a Dirichlet 
boundary condition. If the boundary condition is replaced with a specification of the derivative 
of h in the direction normal to the boundary, 


oh 
aq ery) = holy) = (ey) € AN, (8.3) 


the problem is called a Neumann problem and the boundary condition is called a Neumann 
condition.” There is a third type of problem with a mixed, or Robin, boundary condition: 


dh 
ah(x,y) + Ba (x,y) = hol, y) (x,y) € 02, (8.4) 


where « and f are real constants.° 

The boundary function ho (x, y) can be quite general, but we shall only deal with the special 
cases of a Dirichlet condition with ho being a piecewise constant function, or a problem where 
a constant Dirichlet condition is imposed on one portion of the boundary and a zero Neumann 
condition on another. This latter type of condition could be considered a Robin condition where 
a and f are generalized to be piecewise constants with one being 0 and the other 1, at each point 
on the boundary. 

Sometimes it is more convenient to express the problem in terms of polar coordinates. In 
this case, Laplace’s equation reads 


1 1 
hry + —hy + =hoo = 0. (8.5) 
r r 


Peter Gustav Dirichlet (1805-1859) was a German mathematician who was the founder of analytic number theory and 
made contributions in the theory of Fourier series and mathematical analysis. 

?Carl Neumann (1832-1925) was a German mathematician who worked on electrodynamic theory. 

3Victor Robin (1855-1897) was a French applied mathematician working primarily in the area of mathematical physics. 
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Problems involving Laplace’s equation arise in a number of application areas includ- 
ing steady-state temperature profiles, electrostatics, and velocity potentials in fluid flow. We 
shall concentrate on the temperature situation. If h is the temperature of some essentially two- 
dimensional material (for example, a thin plate with insulated upper and lower faces) that occu- 
pies a region Q in the plane then the governing heat equation is 


hy =hxx +hyy, (x,y)E€Q, t>O0. 


(For a derivation of this equation, see, for example, Boyce and DiPrima [2001, p. 614].) Ifa 
steady-state solution is sought, one that does not change in time, then the time derivative is zero 
and the equation collapses to Laplace’s equation on (2. It can be shown that if the temperature or 
its normal derivative is specified on the boundary then there is a unique solution to this problem. 

In general, obtaining closed form solutions to these problems, even with our restriction 
on ho being zero or a constant, can be very difficult or impossible, depending on the geometry 
of 2. Conformal maps can play a role in such problems as follows. We identify the plane R* 
with the complex plane C through z = x + iy and thus Q can refer to either a region of R? 
or the corresponding region of C. Since solutions of Laplace’s equation in two dimensions are 
harmonic functions, they can be thought of as the real part of an analytic function f(z). If 
a conformal map w = g(z) can be found that maps Q to a region R on which the boundary 
conditions are in a simpler arrangement, then it may be possible to solve the problem in terms 
of w = u-+iv on R and then interpret the solution back in terms of x and y. 

First, we will show that conformal mapping takes harmonic functions to harmonic func- 
tions, which follows from the fact that harmonic conjugates exist, and the composition of ana- 
lytic functions is analytic. 


Theorem 8.7. If H(u,v) is a harmonic function on a simply connected domain R and 
if f(z) = u(x, y) +iv(x,y) is an analytic function that maps Q to R, then h(x,y) = 
H (u(x, y), v(x, y)) ts a harmonic function on 2. 


Proof. Since R is simply connected, by Theorem 5.24, there exists a function G that is the 
harmonic conjugate of H on R. Let g(w) = H(u,v) +iG(u,v), where w =u + iv, then g 
is an analytic function on R. Since f is also analytic and maps Q to R, it follows that the 
composition (go f)(z) = g(f(z)) is analytic on Q. (This last claim follows from the chain rule 
for differentiation.) Therefore, the real part of the composition, 


Re [g(f(z))] = Re[g(u(x, y) + fu(x, y))] = A(u(x, y), v(x, y)), 


is harmonic on Q. O 
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The theorem also holds without the requirement that R be simply connected, but the proof is 
more difficult. See, for example, Churchill and Brown [1990, pp. 249-250]. 


Next, we consider how boundary conditions transform under a conformal map. 


Theorem 8.8 Jf f(z) = u(x, y) + iv(x, y) is an analytic function that conformally maps a 
smooth arc V to an arc C, and if H is a function defined on C that satisfies either of the conditions 


0H 
Jil, @)) = lng. or an th) = (0), V(u,v) on C, 


where hg is a real constant and N is a direction normal to C, then the function h(x, y) = 
H(u(x, y), v(x, y)) satisfies the corresponding conditions 


oh 
h(x, y) = ho, or any) = 0, V(x, y) on T, 
n 
where n is a direction normal tol. 


Proof. By definition of h, the level set h(x, y) = 41, where h, is some real constant, is mapped 
by f to the corresponding level set of H, namely H(u, v) = hy. Conversely, if (u,v) is a point 
such that H(u, v) = hy, and if w = u + iv is in the range of f, then there exists a z = x + iy 
such that f(z) = w and h(x, y) = hy. 

Suppose H = ho for all (u,v) on C. Thus, C is a level set of H. Since f maps I to C, it 
immediately follows that h = ho for all (x, y) on T. 

Suppose $4 = 0 for all (u,v) on C. From calculus we know that the normal derivative 
| and N is a unit vector normal to C. Further, we know 
that V H is orthogonal to level sets of H and if the dot product of two vectors is zero, they are 
orthogonal. Since $4 is zero, it follows that either VH = 0 or VH is orthogonal to N. In the 
former case, by the definition of h and direct computation it follows that hx and hy are zero, 
hence, om = 0. In the latter case, since VH is orthogonal to N, level sets of H are parallel to N 
and therefore orthogonal to C. Since f is a conformal mapping on I (and therefore also in a 
open set containing I’) it must preserve angles. Since [ maps to C it follows that the level sets 
of h (which we know map to the level sets of H) must be orthogonal to , which means dh _ 


on 
on TI. O 


is equal to VH - N, where VH = 


Although Neumann conditions with zero normal derivative transform to the same under 
an analytic map, it is not true when ae is a nonzero constant, hence, our restriction to the normal 
derivative being zero. 

We now examine several different geometries R in the (wv, v)-plane and arrangements of 
boundary conditions of the type in Theorem 8.8 that yield simple solutions for a harmonic func- 
tion H(u, v) on R satisfying these conditions. In each case the problem is solved by a solution 
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of Laplace’s equation that is independent of one of the two variables. For Laplace’s equation 
in Cartesian coordinates, Hy, + Hy, = 0, a solution independent of u is clearly H(u,v) = 
a + bv, where a and b are real constants. Similarly, H(u,v) = a + bu is also a solution. In the 
case of polar coordinates w = pe’*, Laplace’s equation reads Hpp + 5 Hp + abe = 0. A so- 
lution independent of p is H(p,¢) = a + bd. If H does not depend on @, the general solution 
of Laplace’s equation is H(p,¢@) = a + blnp. In the figures below, a thick solid line represents 
a Dirichlet condition and a thick dotted line represents a zero Neumann condition. If there is 
no line bordering the region, the region extends to infinity. 

Consider the cases of an infinite strip, a semi-infinite strip, and a rectangle as shown in 
the diagram below. 


In each of these cases the solution is 
Wwe T Hh = Ti+. (8.6) 


The zero Neumann conditions along the vertical boundaries is what allows this solution to hold 
in the semi-infinite strip and rectangle cases. Of course the strips could be reflected in the line 
u = v and the solution given in terms of u rather than v. 

Now consider the cases where the region is a sector, infinite or finite, with the boundary 
conditions as specified in the diagram below. 


U 
Ay 
a SO 
% =e 
R.* 
ee 
A, =0% : 
0 M, H=T, M, ad 


In each of these cases the solution is 


Hp.) = Ti + (h- TS, (8.7) 
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which, in Cartesian coordinates, is 


In=T, 
H(u,v) => Ti + 


atan2[o,27)(v, u). (8.8) 


If L = x in the first of these three cases, then R is the entire upper half-plane, in which case 
it may be more natural to express the solution in terms of Cartesian coordinates (8.8). In this 
case, since the range of angles for the upper half-plane is [0, 2], and in view of the result of 
Exercise 1.4, we may shift the interval for atan2 to the standard one and write 


T> — T; 
H(u,v) = T, + —— 


atan2(v, wu). (8.9) 


One could also consider cases where the region R is an annulus or partial annulus with 
constant temperatures on the circular arcs. However, since the mapping w = log(z) maps such 
regions to a rectangle, which we have already included, it is not necessary to consider these 
separately. 

In the following examples, we illustrate in a few simple cases how a conformal map can 
be used to transform a given region Q to one of the regions R above, allowing for a solution of 
Laplace’s equation and the specified boundary conditions on 2. We make use of linear fractional 
transformations, which map circles to circles, and in particular the formula given by Eq. (2.7), 
which determines a linear fractional transformation that maps a given set of three points (defin- 
ing one circle) to another set of three points (defining a second circle). 


Example 8.9 Consider the steady-state heat problem on a disk Q of radius 1 where the 
temperature is held at constant 3 along one half of the boundary and a temperature 0 along 
the other half: 


1 1 
hrr + —hy + shoe = 0), P< il, 
he Ne 


3 if0<O0<z, 


h(i, @) = 
oe @ iia <@ = Qe. 


This problem is identical to the one in Example 5.31 where the solution was obtained by 
using Poisson’s integral formula of the circle. Here we solve the problem by conformal map- 
ping. Using Eq. (2.7), the linear fractional transformation that maps the three points on 
the boundary —1, i, and 1 to the three points oo, 1, and 0 is w = f(z) = —i zo. We can 
see that the interior of the disk Q maps to the upper half-plane R by noting that 0 maps to 
i. Points on the lower half of the circle map to the negative real axis and points on the upper 
half of the circle map to the positive real axis. See Fig. 8.2. Thus, the problem transforms 


to one on R where R is a sector with angle 2. Using (8.9) the solution on R is 


—3 
H(u,v) = 3+ —atan2(v, u), v>0, where f =u +iv. 
1 
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U 


tO) ee 


R 


f(1) f(i) 
1 H=0 0O| A=3 1 4 


Figure 8.2: The region Q (left) and its image R (right) under mapping f from Example 8.9. 


To compute u and v in terms of r and 6 we may write 


‘ zZ—1 (z-1)@+1) e272 oe 7 — | 
= =i] ——— = = 
Poa Z@+DE+) Zager 
es x? 4+y?—-14+i2y — 2y+i(1—x?—y?) 
ea) een 
‘Therefore, 
2y 1—x?—y? 
Sh Sa : 
(ah)? ye Coe 


Recall that atan2(ca,cb) = atan2(a,b) for any positive real constant c. Therefore, 
atan2(v, u) = atan2(1 — x? — y?, 2y). Finally, since x? + y? =r? and y =rsin0, 


3 
h(r, 0) = 3 — — atan2(1 — r, 2rsin 6). 
1 


This solution should be compared with that in Example 5.31. Although the solutions look 
substantially different, they are in fact the same function. 


In the next example, a logarithm and a linear fractional transformation are used to map 
Q to R. 


Example 8.10 Consider steady-state temperature in a semi-infinite plate where one edge 
is held at a constant temperature 7 except for a gap of width two in which the plate is held 
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constant at 72. The problem is thus 


hxx +hyy = 0, y > 0, 


A 0) T> if |x| < Il, 
0) 
T; otherwise. 


We claim that the mapping w = f(z) = log (2 =t) maps the upper half-plane, Q, to the 
infinite strip R= {w =u+iveC : 0<v <a} as illustrated in Fig. 8.3. Further, the 
interval (—1, 1) on the real axis is mapped to the line v = z and the rest of the real axis 
is mapped to the line v = 0. This can be seen as follows. First, the linear fractional trans- 
formation ¢ = (z — 1)/(z + 1) maps the points —1, 0, and 1 to oo, —1, and 0, respectively. 
Both of these three-point sets define a line. Thus, we immediately see the real axis maps to 
the real axis, and that the interval (—1, 1) maps to the negative real axis, while the points 
on the real axis outside the interval (—1, 1) map to the positive real axis. (This can also be 
seen by letting z = x in the expression for ¢.) Then applying the logarithm to the upper 
half ¢-plane will send it to the infinite strip R since the arguments of points in the upper 
half-plane are between 0 and z, and the logarithm of their moduli span all real numbers. 
‘The positive real axis in the ¢-plane maps to the line v = 0 while the negative real axis maps 
to the line v = 2. Now, we should be careful which branch of the logarithm we choose. 
Since we require an analytic function on the upper half-plane, we should select a branch 
where the branch cut is out of the way, for example: 


logs = In|tl-+iarg(s),  -5 <arg(t) < >. 


With this choice, f is analytic on the entire upper half-plane, and on its boundary except 
for the points 1 and —1. Therefore, on the strip R we have H = T; on v = 0, and H = T> 
on v = x. Using (8.6), the solution to the transformed Dirichlet problem on R is 


T) — T 
Atu,v) =T,+ z *y. 


But, using the same scaling property of atan2 as in Example 8.9, we have 


il z—1 yo ee Oy 
all Im {1 = = 
SA a) Gal) ema 
= atan2(2y, x? + y?— 1). 


‘Therefore, 
eS 2 D 
h(x,y) = i+ ee ee + y~ —1). 
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Figure 8.3: The region & (left) and its image R (right) under the mapping f(z) = log (24) 
from Example 8.10. 


In our last example, a zero Neumann condition is imposed on one part of the boundary. 


Example 8.11 Consider the steady-state heat problem on the infinite quadrant Q = 
{@, y) € IR] Sess) yy = 0} given by 


hxx +hyy = 0, Ge) ek. 
hO,y)= Th, y>0, 
HG O)— ay 
hy(x,0) = 0, O< x < Il, 


The function w= f(z)=arcsinz maps Q to the semi-infinite strip R= 
iZeC :0=7 <1, y = 0}; such that the boundary x—0, y > 0 of @ is: mapped 
to the positive imaginary axis, the boundary x > 1, y = 0 of Q is mapped to the vertical 
line segment uv = 1/2, v > 0, and the boundary 0 < x < 1, y = 0 of Q is mapped to the 
horizontal line segment 0 < u < 2/2, v = 0. This is illustrated in Fig. 8.4. The transformed 
problem can then be solved using (8.6) (with u replacing v) yielding 


To —T; 
u 
/2 


A(u,v) = T+ 


Our task is now to extract the real part u of w = f(z) = arcsin z. Starting with z = sin w 
where w = u + iv we find 


x = sinucoshv, y = cosu sinh v. 
From this it follows that 
D D 
x y 
sin*u cos u 
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Figure 8.4: The region Q (left) and its image R (right) under the mapping f(z) = arcsin z from 
Example 8.11. 


which, for each fixed u, with O0O<u<a/2, is a hyperbola with foci at c= 
+ sin? u + cos? u = £1 on the x-axis. For a hyperbola, the absolute difference of the 
distances between any point on the hyperbola and the two foci is a constant equal to twice 
the semi-major axis, sin u. Therefore, 


| V@ =D? + y? - ACen D? + y3| = Dsiny, 


and, since we require x > 0, this gives 


u = arcsin € (Ve- 1)? + y?— Ve + 1? + ”)) 


‘Therefore, the solution to the original problem is 


(x,y) = Ty + 2 aresin (5 (V@ =D? +9? - V@ +P + ”)) 


8.2.1 EXERCISES 


8.4. Find a harmonic function, h, on the half disk of radius 1, centered at the origin, and 
in the upper half-plane, such that h = T, on the semi-circle part of the boundary, and 
h = T> on the x-axis part of the boundary. [Hint: Consider what the transformation in 
Example 8.9 does to the half disk. ] 
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8.5. Find a harmonic function, h, on the half disk of radius 1, centered at the origin, and 
in the upper half-plane, such that h = T; on the portion of the boundary in the left 
half-plane, and h = T> on the portion of the boundary in the right half-plane. [Hint: 
Consider the function f(z) = z + 1/z.] 


8.6. Find a harmonic function, h, on the semi-infinite strip Q= 
{(x,y) : |x| < 2/2, y > 0} such that h= 7, on x = +7/2, y>0, and h=7> 
on |x| < 2/2, y = 0. [Hint: See problem 8.1 and use the solution from Example 8.10.] 


8.7. Consider a region Q bounded on the inside by a circle of radius R; centered at (R1, 0) 
and on the outside by a circle of radius R2 > R; centered at (R2,0). Suppose that the 
inner circle boundary is held at temperature 7; and the outer circle boundary is held at 
temperature 7>. Find a harmonic function on Q satisfying these boundary conditions. 
[Hint: Use a linear fractional transformation that maps 0 to oo (so that both circles will 
become lines) and maps z; = 2R, and zz = 2R2 to w; = 0 and w2 = 1.] 


AND BEYOND... 


Students wishing to pursue studies on complex analysis at a higher level are referred to the text 
“Functions of a Complex Variable,” Carrier et al. [1983]. 
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APPENDIX A 


Greek Alphabet 


Symbol Name Some common mathematical uses 


A, a alpha a: alternate for a; real part of an eigenvalue 

B,p beta B: alternate for b; imaginary part of an eigenvalue 

T,y gamma _ I’: a curve; the Gamma function. y: the Lorentz factor 

A, 6 delta A: a difference; the Laplacian operator. 5: a small positive number; 


the Kronecker delta function 


E,e epsilon —€: a small positive number 

Zh. & zeta ¢: alternate for z; a complex number; the Riemann zeta function 

H,n eta n: alternate for y; viscosity 

0, 6 theta @: an angle; an asymptotically tight bound. 6: an angle; a temper- 
ature 

I, iota 

K,« kappa «: alternate for k; the condition number of a matrix 

A,A lambda A: a diagonal matrix of eigenvalues. A: an eigenvalue 

M, bu mu ju: an eigenvalue; a parameter; a mean 

N,v nu v: alternate for n; a parameter 

H,é xi &: alternate for x 

O,0 omicron 

Il, x pi II: the product operator; a projection. z: the ratio of the circum- 
ference to the diameter of a circle; a projection 

P,p rho p: alternate for r; density 

yo sigma &: the summation operator; a diagonal matrix of singular values; 
the covariance matrix. o: alternate for s; a permutation; a standard 
deviation 

T,T tau t: alternate for t; a nondimensional time 

WB upsilon 

®, d phi ®: an angle. #: an angle; a function; the golden ratio 

LG chi x: a statistical distribution; the graph chromatic number 

ww psi W: an angle. yy: an angle; the wave function in quantum mechanics 

Q, w omega 2: a domain; an asymptotic lower bound. w: an angular frequency 
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APPENDIX B 


Answers to Selected Exercises 


1.1 (e) all points on and right of the line x = 1; (f) the second and fourth quadrants. 1.2 
(a) 2—2i; (b) —5—i; (c) —26—7i. 1.3 z* = 2cisa/2, 27 =sVJ2cis3m/4. 1.5 the circle 
radius e*°, the ray with angle yo. 1.7 3/3e'"/2.1.8n=14+6k,k €Z. 1.9 (a) —a/2 = 14/2: 
(b) 2/2e!3*/4. 1.10 (a) 64/3 + 641; (b) —10—16V3; (c) -2 +1532; (d) -16-16:; 
(ce) —4,/2—2.444 (4v2 7 2V3). 1.11  cosn@ = yea (-1)™ (J cos" Bien” 0; 


n-l 
sinn@ = es, CG) cos?—2™—1 9 gin2™+1 9, cos 39 = cos? 6 — 3cos @ sin? 0; 


sin 30 = 3cos? @ sin — sin? 6; cos 46 = cos* 6 — 6cos? 6 sin? 9 + sin‘ 6; sin 49 = 
4cos* @sin@ —4cos@sin?@. 1.12 z is real. 1.14 Arg(z) <0 unless Arg(z) = m in 
which case Arg(1/z) =a. 1.15 z=e!®, -1<O<a. 116 z= $_j2, \z| = ae 
1.18 2S3e'm/?, 1.19 (a) + (392 +1492); (b) 2/6 cos + 12/6 sin B, —2"3 + 12-03, 


21/6 cos 22 + j21/6 sin UE; (c) 32cos 3 +i32sin 3%, where n =5,7,11,15; (d) i. 


He -igs, He-igds 1.22) @ $(-1+ V5), Gi) -$ 4 (48 + Y), Git) 7 and 
—2-—i, (iv) e*/3 for n =1,2,4,5. 1.23 (X,Y,Z) = O(z) = (Kx. Ky, lt), where 

2 

~ |zP41" 
2.1 (a) fo(—27) = 3e'"/3, fi(—27) = -3, fo(—27) = 3e'9/?; (b) fo(—8i) = 2V2e'*/, 
fi(-8i) = 2V2i, fo(-8i) = 2V2e'7"/%; (c) z = 64e7'"/3, k = 2. 2.4 center: (3 — 4i)/4, ra- 
dius: 5/4. 2.5 normal: A = rie , distance from origin: |c| = wis: 2.15 left, bottom, and right 
boundaries of R map to the intervals (—oo,—1], [—1, 1], and [1, 00) on the real axis, respec- 
tively; the positive imaginary axis maps to itself. 2.17 (a) iz; (b) 1+ i3z,; (c) + In2 + iz, 
2.18 (b) the set of values for n log z is contained in the set of values for log(z”); (c) equation 
is valid if —x <n Arg(z) < x 2.19 (a) 1; (b) 2e7 /3e!(m@)-1/3), (¢) e~5/6gi5In2V3_ 294 (a) 
ki, k € Z; (b) i(% +ka), k € Z; (c) in (k + 4), k € Z; (d) 2ka —i m2 + V3), k € Z; (e) 


242k +4i,k €Z;(f)a(k+4)—41n2,k €Z. 


3.5 arg(w2) —arg(w,) = arg (22) ~ arg (HERS) = are (422) = arg(Az2) — arg(Az)). 
3.6 (a) z = 1; (b) everywhere except z = 1; (c) x = y*; (d) z =O and 6 = % 4 2k, k € Z. 
3.9 R, = 1ROp, RO, = — Ro. 3.10 (a) analytic on all of C; (b) differentiable on x = —1, 
not analytic anywhere. 3.11 v = —r?cos(20)+ A; f'(z) =—2rie’? =—2iz. 3.14 (a) 
v =—e* cos y + A; (b) v = 4(y2?— x?) +y +x4+4; (c) v(r,0) =O+A. 3.16 2=0 isa 
pole of order two, z = i2ak, k € Z,k # Oare simple poles. 3.18 z = +i, z = ti/2,z = 00. 
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4.1 27. 4.2 (a) 4i — In 3; (b) 1/z provided Re(z) > 0. 4.4 A= 5 (e* cosx +e* sinx —1), B= 
3 (e* sinx —e* cosx +1). 4.5 f(x) =2+ >) ;67 cae AG f(x) = 30 = 


yy mee 4.8 (a) $(1—In2) +i (32-1); (b) -1—§. 4.9 -187 + 
118 (a — 3). 4.10 (a) 2 — 5i; (b) J —i 44. 4.11 (a) 21 +1); (b) 4 +74; (©) 32x —2; (@ 221 

sin(z/8)) for para branch, ai, ae 8) for branch with cut not crossing C. 4.13 (a) 
te, f@) dz =i 2 Jc, f(z) dz = —iF, f is not analytic at z = 0 which is inside C, — Co; 


(b) —§ $4 i 8 for ae contours, f is ae everywhere. 

5.2 (a) I= Leh: oe i Ke ) In(3) — ix. 5.3 $(—In(3) + ix). 5.5 (a) z Log z — 2; (b) 23; () 
2 — 2m. 5.6 (a) —iz; (b) —22 — 6/3i. 5.7 radius ee than 1. 5.8 (a) 257 sinh 4; (b) (i — 1). 
5.10 (a) C does not cross z = t —i, t < 4; (b) —4. 5.13 Apply Liouville’s theorem to g = e/; 
yes, consider g = e~/. 5.14 (a) Z; (b) 2 2m “5.15 max |f' =2) atz=3,min|f|)=O0ate = 0. 


5.16 max | f| = \/ (In2)? + (3 x)” at z= —2i, min | f| = % at z =i. 5.17 max u = 4¥3 at 


(x,y) = (V3,—1), min u = —4V/3 at (x, y) = (-V3,-1). 5.19 (a) 677i; (b) 27i; (c) —6zi. 
5.20 67i. 5.21 one simple zero. 5.23 (a) 67, 3 times; (b) —27, —1 times; (c) 10z, 5 times. 

6.3 (a) |z| <e, bounded; (b) |2 =| <7, not pea 6.4 uniform convergence on 
x >0, diverges when x <0. 6.6 dn(z— Zo)”. ) yo HZ - 1", |z| < 005 (b) 
saan are — 4)", |z 4] < 003 (0) a. + a elena eae = 27)", 
|z — 2i| < 00; (d) De, aay (z- ae i Z| <0; (ec) 2 +427 + 223 4+-, [2] < 
Z: (f) 1+ eee fees, |z| <7. 6.8 (a) D5 S22", |z| < 00; (b) 2, (- "12", 
Iz] < 1 (©) 2 +22, |2| < 00. 6.9 ( nes EA? te — BY; (b) R = 2/Bh (©) 


oe 
—Hox(B—4): (d) i2ne? (smsnea-a 4). 6.10 (a) R; (b) R4; (c) VR. 6.11 99 Gr. 6.12 
aan . (z-)",0<|z-1/<4 0%," 4 < |z— 1]. 6.14 (a) (i) R = V2, (ii) 
R= V5, (iii) R = 1;(b) z = 00n0 < |z| < 1,29 = Son0 < |z —5| < S5oron5 < |z—5| <6. 


6.16 (a) pole order max(m, 1); (b) pole order m + n; (c) pole order m — n if m > n, else remov- 
able. 6.17 f(z) = az + azz? +.432°. 6.18 (a) 5; (b) 00; (c) pole order 4; (d) 3; (e) z2 must exist, 
it is on |z| = 3; (f) 2 < Ri < 8; (g) —%; (h) —422. 


7-1 (a) 125 (b) 05 (c) —175 (d) he (—V3 + 13). 7-Byes. 7.4 (a) HE; (b) Bris (c) $44 log (2 - v3). 
7.5 (a) (27 + 51); (b) 0. 7.6 (b) —20i. 7.7 (a) 28; (b) 25s (0) #5; (d) 203 — 2V2). 7.8 


21/21” 
= —3a 2 = ‘ : 
(a) G SOLe (b) 32 Ge —peat in. (c) He Wa" V2) cog (ahs): 7.10 x (sin(1) — 2sin(2)). 
8.2 not ean at on =+tlandz=0. 84 h(r,6)= 7 + 20) atan2(1 —r?,2rsin @). 
8.5 h(r,0) = P-T atan2 ((1 —r?)sin 8, -(1 +r?) cos 6). "8.7 h(r, 6) = RaPa-RiTy = 


2(To- T,)R, Ro cos a 
(R2—R1)r 
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